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Dyrlglqj Khdg0wr0Khdg Frpshwlwlrq rq wkh Elj
Vfuhhq= Wkh Hfrqrplfv ri Prylh Glvwulexwlrq￿
Gduuhq Ilovrq/ Ihuqdqgr Ideuh/ Doiuhgr Qdyd/ dqg Sdrod Urguljxh}|
Qryhpehu 59/ 5333
Devwudfw
Wklv sdshu surylghv wkhruhwlfdo h{sodqdwlrqv iru ghylfhv wkdw prylh glvwulexwruv
xvh wr dyrlg khdg0wr0khdg frpshwlwlrq1 Zh xvh d vlpsoh vwdwlf prgho wr vkrz krz
uhyhqxh vkdulqj h{klelwlrq frqwudfwv surylgh pxowlsoh{ rzqhuv zlwk lqfhqwlyhv wr wdnh
furvv h￿hfwv rq ghpdqg lqwr dffrxqw1 Wkhq zh vlpxodwh d g|qdplf yhuvlrq ri wkh
prgho wr h{sodlq wkh sudfwlfh ri vwdjjhulqj wkh uhohdvh gdwhv ri klw prylhv dqg frqvlghu
krz yhuwlfdo lqwhjudwlrq d￿hfwv uhohdvh sdwwhuqv dqg wkh doorfdwlrq ri prylhv wr vfuhhqv1
Wkh g|qdplf prgho lv ri lqghshqghqw lqwhuhvw ehfdxvh lw doorzv iru g|qdplf vwudwhjlf
lqwhudfwlrq lq d frpprq djhqf| iudphzrun1
MHO Frghv= O47= Wudqvdfwlrqdo Uhodwlrqvklsv dqg Frqwudfwv> O55= Ilup Rujd0
ql}dwlrq dqg Pdunhw Vwuxfwxuh= Pdunhwv yv1 Klhudufklhv/ Yhuwlfdo Lqwhjudwlrq> O;5=
Lqgxvwu| Vwxglhv= Hqwhuwdlqphqw1
Nh|zrugv= frpprq djhqf|/ h{foxvlyh ghdolqj/ hqwhuwdlqphqw/ ￿op/ olfhqvlqj
￿Zh zrxog olnh wr wkdqn Wrp Erufkhuglqj/ Eloo Eurzq/ Ulfn Kduedxjk/ Hulf Khoodqg/ V1 Deudkdp Udylg/
Vkluoh| Vyruq|/ Wrp Zloohww/ Ndu|q Zlooldpv/ dqg Sdxo ]dn iru khosixo frpphqwv1
|Vhqg fruuhvsrqghqfh wr Gduuhq Ilovrq/ Ghsduwphqw ri Hfrqrplfv/ Foduhprqw Judgxdwh Xqlyhuvlw|/ 493
H1 Whqwk Vw1/ Foduhprqw/ FD <4:441 Hpdlo= Gduuhq1IlovrqCfjx1hgx1 Skrqh= +<3<, 9540;:;51 Id{= +<3<,
9540;7931 Gduuhq Ilovrq lv dq dvvlvwdqw surihvvru ri hfrqrplfv1 Ihuqdqgr Ideuh lv wkh Rshudwlrq Pdqdjhu ri
wkh Odwlqdphulfdq Frqvruwlxp iru Plfur￿qdqfh dw Xqlyhuvlgdg Dqdkxdf gho Vxu +XDV, lq Ph{lfr1 Doiuhgr
Qdyd lv wkh Ghdq ri wkh Judgxdwh Surjudp ri wkh Vfkrro ri Exvlqhvv dqg Hfrqrplfv dw XDV1 Sdrod Urguljxh}
lv wkh Uhvhdufk Frruglqdwru iru Vpdoo dqg Phglxp Hqwhusulvhv dw XDV1
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Wkh pdqdjhphqw ri yhuwlfdo uhodwlrqvklsv lv rqh ri wkh ixqgdphqwdo lvvxhv dgguhvvhg e|
frqwudfw dqg rujdql}dwlrq wkhrulvwv1 Krz vkrxog vxssolhuv ghvljq frqwudfwv zlwk uhwdlohuvB
Zkdw duh wkh frqvhtxhqfhv li vxssolhuv iruzdug lqwhjudwh lqwr uhwdlolqjB Wkh dqvzhuv wr
wkhvh txhvwlrqv lqirup pdqdjhphqw vwudwhj| dqg sxeolf srolf|1 Wklv sdshu surylghv lqvljkw
lqwr yhuwlfdo uhodwlrqvklsv e| dqdo|}lqj uhodwlrqvklsv ehwzhhq prylh glvwulexwruv +vwxglrv
ru lqghshqghqw glvwulexwruv, dqg h{klelwruv +wkhdwhuv,1 Zh irfxv rq glvwulexwlrq vwudwhjlhv
wkdw khos glvwulexwruv dyrlg khdg0wr0khdg frpshwlwlrq +frpshwlwlrq zlwk surgxfwv wkdw vwhdo
ghpdqg iurp hdfk rwkhu,1 Irfxvlqj rq wkh prylh exvlqhvv doorzv xv wr vwuxfwxuh rxu dqdo|vlv
ri yhuwlfdo uhodwlrqvklsv xvlqj ihdwxuhv ri wkh uhdo0zruog hqylurqphqw1
Vxssolhuv lq prvw lqgxvwulhv suhihu wr dyrlg khdg0wr0khdg frpshwlwlrq/ exw iru prylh
glvwulexwruv lw lv sduwlfxoduo| lpsruwdqw wr gr vr1 Frpsduhg wr prvw surgxfwv/ prylhv duh
surgxfhg uhodwlyho| lqiuhtxhqwo| dqg lqyroyh odujh xsiurqw h{shqglwxuhv dqg kljk ulvn14 Wkxv/
lw lv lpsruwdqw wr ghvljq h{klelwlrq frqwudfwv dqg pdqdjh uhohdvh gdwhv wr hqvxuh wkh kljkhvw
srvvleoh fkdqfh ri vxffhvv iru hdfk prylh1 Wkh prylh exvlqhvv lv dq lqwhuhvwlqj h{dpsoh iru
dqrwkhu uhdvrq= lq prghuq wlphv/ jlyhq wkh suhvhqfh ri pxowlsoh{hv +wkhdwhuv zlwk pxowlsoh
dxglwrulxpv,/ h{foxvlyh ghdolqj lv lpsudfwlfdo1 Qr glvwulexwru glvwulexwhv hqrxjk prylhv wr
frqwlqxdoo| vdwlvi| wkh ghpdqg ri d odujh pxowlsoh{ rzqhu1 Wklv lpsolhv wkdw glvwulexwruv
pxvw ghvljq frqwudfwv dqg pdqdjh glvwulexwlrq nqrzlqj wkdw doo glvwulexwruv ghdo zlwk wkh
vdph h{klelwruv1
Rxu jrdo lq wklv sdshu lv wr surylgh d edvlv lq wkhru| iru vrph ri wkh ghylfhv prylh
glvwulexwruv xvh wr dyrlg khdg0wr0khdg frpshwlwlrq1 Rqh ghylfh lv wkh h{klelwlrq frqwudfw/
zklfk w|slfdoo| edvhv wkh h{klelwru*v sd|phqw rq wlfnhw uhyhqxh1 Lq Vhfwlrq 5 zh lqwurgxfh d
vlpsoh vwdwlf prgho lq zklfk wzr glvwulexwruv frpshwh wr sodfh wkhlu prylhv lq d pxowlsoh{1
Zh xvh wkh prgho wr vkrz wkdw uhyhqxh vkdulqj frqwudfwv surylgh lqfhqwlyhv iru h{klelwruv wr
frqvlghu furvv h￿hfwv rq wkh ghpdqg iru prylhv15 Uhyhqxh vkdulqj pdnhv lw ohvv olnho| wkdw
4Wkh Prwlrq Slfwxuh Dvvrfldwlrq ri Dphulfd uhsruwv wkdw lq 4<<; d wrwdo ri 7<3 qhz prylhv zhuh uhohdvhg
lq wkh Xqlwhg Vwdwhv dqg wkh dyhudjh surgxfwlrq/ dgyhuwlvlqj/ dqg surprwlrq frvwv zhuh ’:; ploolrq1 Yrjho
+4<<;, uhsruwv wkdw prvw prylhv gr qrw hduq d srvlwlyh uhwxuq rq lqyhvwphqw1
5Rwkhu dxwkruv surylgh frpsohphqwdu| h{sodqdwlrqv iru ydulrxv ihdwxuhv ri prylh h{klelwlrq frqwudfwv1 Gh
Ydq| dqg Hfnhuw +4<<4, dqg Gh Ydq| dqg Zdoov +4<<9, hpskdvl}h wkdw gl!fxowlhv zlwk iruhfdvwlqj ghpdqg
5prylhv wkdw vwhdo ghpdqg iurp hdfk rwkhu zloo eh vkrzq vlpxowdqhrxvo|1
Lq Vxevhfwlrq 514 zh frpsxwh d g|qdplf yhuvlrq ri wkh prgho ri wkh pxowlsoh{ wr h{dplqh
wkh sudfwlfh ri dyrlglqj vlpxowdqhrxv qhz klw uhohdvhv1 Wkh uhvxowv fkdudfwhul}h wkh frqglwlrqv
xqghu zklfk ghod|lqj wkh uhohdvh ri d prylh wkdw lv dqwlflsdwhg wr eh d klw lqfuhdvhv d
glvwulexwru*v h{shfwhg ydoxh1 Lq Vxevhfwlrq 515 zh frqvlghu krz yhuwlfdo lqwhjudwlrq d￿hfwv
uhohdvhv dqg uxq ohqjwkv16 Lq rxu prgho/ yhuwlfdo lqwhjudwlrq ohdgv wr ohvv khdg0wr0khdg
frpshwlwlrq/ exw pruh wxuqryhu lq glvwulexwru lqyhqwrulhv1
Prvw ri wkh olwhudwxuh wkdw lqyhvwljdwhv krz vxssolhuv dyrlg khdg0wr0khdg frpshwlwlrq
ljqruhv yhuwlfdo uhodwlrqvklsv dqg irfxvhv rq krz pdqxidfwxuhuv fkrrvh surgxfw fkdudfwhulv0
wlfv1 Lq frqwudvw/ lq rxu prgho wkh surfhvv wkdw jhqhudwhv surgxfw fkdudfwhulvwlfv lv h{rjhqrxv
0 zh irfxv rq glvwulexwlrq vwudwhjlhv1 Lq wkh olwhudwxuh wkdw glvfxvvhv yhuwlfdo uhodwlrqvklsv/
prvw ri wkh hpskdvlv lv rq h{foxvlyh ghdolqj1 Uhfhqw sdshuv dorqj wklv olqh lqfoxgh Pduwlpruw
+4<<9, dqg Ehuqkhlp dqg Zklqvwrq +4<<;,1 Lq rwkhu olwhudwxuh wkdw dgguhvvhv lvvxhv vlplodu
wr wkrvh dgguhvvhg khuh/ Djklrq dqg Erowrq +4<;:, dqdo|}h krz dq lqfxpehqw vhoohu idflqj
d wkuhdw ri hqwu| fdq vljq d orqj0whup frqwudfw zlwk d ex|hu wr dwwhpsw wr ghwhu hqwu|/ dqg
R*Eulhq dqg Vkd￿hu +4<<:, dqg Ndkq dqg Prrnkhumhh +4<<;, dqdo|}h krz pxowlsoh sulqfl0
sdov fdq xvh qrq0h{foxvlyh frqwudfwv wr surylgh lqfhqwlyhv wr d frpprq djhqw1 Zh frqwulexwh
wr wkh olwhudwxuh e| frpelqlqj frqwudfw fkrlfh zlwk rwkhu vwudwhjlf fkrlfhv dqg frqvlghulqj
g|qdplf frpshwlwlrq wkdw doorzv iru ulfkhu vwudwhjlf lqwhudfwlrq1
Dowkrxjk rxu g|qdplf prgho lv ghvljqhg wr h{sodlq yhuwlfdo uhodwlrqvklsv lq wkh prylh
exvlqhvv/ pdq| ri wkh lqvljkwv dsso| wr rwkhu jrrgv/ sduwlfxodu| qhz hqwhuwdlqphqw jrrgv
zlwk xqfhuwdlq ghpdqg vxfk dv errnv dqg frpsdfw glvnv1 Ixuwkhu/ wkh prgho frxog eh
dgdswhg wr surylgh lqvljkw lqwr rwkhu w|shv ri frqwudfwxdo dqg rujdql}dwlrqdo duudqjhphqwv/
qhfhvvlwdwh wkh xvh ri vkruw0whup frqwlqjhqf|0ulfk frqwudfwv1 Ilovrq hw do1 +5333, vkrz wkdw uhyhqxh vkdulqj
doorzv glvwulexwruv wr vkduh ulvn zlwk h{klelwruv1 Nhqqh| dqg Nohlq +4<;6, dqg Kdqvvhq +5333, dqdo|}h eorfn
errnlqj/ wkh sudfwlfh ri frqwudfwlqj rq pxowlsoh prylhv dw rqfh/ zklfk zdv edqqhg e| wkh Sdudprxqw ghfuhhv
ri wkh odwh 4<73v dqg hduo| 4<83v1 Erufkhuglqj dqg Ilovrq +5334, uhylhz wkh olwhudwxuh rq frqwudfwv lq wkh
prylh exvlqhvv1
6Yhuwlfdo lqwhjudwlrq lq wkh prylh lqgxvwu| lv sduwlfxoduo| lqwhuhvwlqj ehfdxvh ri wkh Sdudprxqw ghfuhhv/
zklfk eduuhg vwxglrv iurp rzqlqj wkhdwhuv dqg iurp xvlqj lqwhjudwlyh frqwudfwv olnh eorfn errnlqj/ wkh
sudfwlfh ri frqwudfwlqj rq dq hqwluh vhdvrq ri prylhv dw rqfh1 Lq wkh 4<;3v wkh X1V1 Ghsduwphqw ri Mxvwlfh
jdyh vwxglrv shuplvvlrq wr iruzdug lqwhjudwh lqwr h{klelwlrq djdlq +Gh Ydq| dqg Hfnhuw/ 4<<4/ Pdqvihlog/
4<<:,1 Vrph glvwulexwruv kdyh grqh vr/ lqfoxglqj Vrq|/ zklfk erxjkw wkh Orhz*v wkhdwuh fkdlq1 Dowkrxjk
zh gr qrw dwwhpsw d qrupdwlyh dqdo|vlv/ rxu uhvxowv frxog lqirup vxfk dq dqdo|vlv1
6lqfoxglqj qrq0yhuwlfdo rqhv1 Wkh prgho lv vlplodu wr d g|qdplf pxowlsoh0sulqflsdo vlqjoh0
djhqw prgho1 Vwdwlf pxowlsoh0sulqflsdo vlqjoh0djhqw prghov kdyh ehhq dqdo|}hg e| Ehuqkhlp
dqg Zklqvwrq +4<;9, dqg pdq| rwkhuv exw dv idu dv zh duh dzduh wkhuh lv qr g|qdplf
yhuvlrq ri wkh prgho lq wkh olwhudwxuh1 Dowkrxjk wkhuh lv qr dv|pphwulf lqirupdwlrq lq rxu
prgho/ wkh vwuxfwxuh pd| eh xvhixo iru dqdo|}lqj vrph g|qdplf hqylurqphqwv lq zklfk wzr
ghflvlrq0pdnhuv dwwhpsw wr lq xhqfh d wklug sduw|1
51 Wkh Pxowlsoh{
Wkh pxowlsoh{ surylghv wkh vlpsohvw hqylurqphqw iru h{dplqlqj ghylfhv wkdw glvwulexwruv xvh
wr dyrlg khdg0wr0khdg frpshwlwlrq ehfdxvh wkh dqdo|vlv fdq irfxv rq d vlqjoh h{klelwru/ wkh
pxowlsoh{ rzqhu1 Lq d pxowlsoh{ wkh h{klelwru fkrrvhv pxowlsoh prylhv/ vr furvv h￿hfwv rq
ghpdqg fdq eh h{dplqhg1 Iru h{dpsoh/ wkh ghpdqg iru Kruuru D lv olnho| wr eh kljkhu li
lw lv sdluhg zlwk d gudpd lqvwhdg ri dqrwkhu kruuru prylh1 Ohdylqj jhquh dvlgh/ glvwulexwruv
pd| zlvk wr dyrlg sodflqj wzr klw prylhv lq wkh wkhdwhu dw wkh vdph wlph ehfdxvh pdq|
frqvxphuv kdyh wlph iru rqo| rqh prylh dqg zloo eh irufhg wr fkrrvh1 Lq d zruog zlwk }hur
wudqvdfwlrqv frvwv dqg qr uhjxodwlrqv/ hdfk glvwulexwru zrxog olnh wr qhjrwldwh d frqwudfw
zlwk wkh h{klelwru wkdw vshfl￿hv wkh h{klelwru*v hqwluh vodwh ri prylhv wr irufh wkh h{klelwru
wr frqvlghu furvv h￿hfwv rq ghpdqg1
Wklv vhfwlrq lqwurgxfhv d prgho ri prylh doorfdwlrq lq d pxowlsoh{ dqg frqvlghuv frqwudfwv
wkdw vshfli| wkh h{klelwru*v hqwluh vodwh ri prylhv1 Wkh uhvxowv vkrz wkdw wkh htxloleulxp
doorfdwlrqv zlwk vxfk frqwudfwv fdq eh lpsohphqwhg zlwk vlpsoh frqwudfwv wkdw edvh wkh
h{klelwru*v sd|phqw rq wlfnhw uhyhqxh17 Wkh edvlf prgho dqg wkh uhvxowv duh vlplodu wr
Ehuqkhlp dqg Zklqvwrq +4<;8/ 4<<;,1 Lq rxu dqdo|vlv zh ljqruh frvwv dqg dvvxph wkdw sur￿w
7Gh Ydq| dqg Hfnhuw +4<<4, dqg Ilovrq hw do1 +5333, qrwh wkdw uhyhqxh vkdulqj hyroyhg sulru wr pxowlsoh{hv
ehfrplqj zlgh0vsuhdg1 Wkhuhiruh/ wkh lqfhqwlyh h￿hfw zh ghvfuleh khuh lv qrw qhfhvvdu| lq rughu wr revhuyh
uhyhqxh vkdulqj1 Krzhyhu/ wkh lqfhqwlyh h￿hfw lv suhvhqw1 Zh gr qrw h{soruh wkh uhdvrqv iru frqvwuxfwlqj
pxowlsoh{hv/ exw wkhuh duh vhyhudo uhdvrqv iru grlqj vr1 Pxowlsoh{hv duh lq d ehwwhu srvlwlrq wr devrue
lglrv|qfudwlf ghpdqg vkrfnv ehfdxvh qhjdwlyh vkrfnv rq rqh prylh fdq eh edodqfhg djdlqvw srvlwlyh vkrfnv
rq rwkhuv1 Uhdoorfdwlrq ri prylhv wr dxglwrulxpv ri gl￿huhqw vl}hv fdq rffxu dv ghpdqg lv revhuyhg1 Vfdoh
hfrqrplhv lq uxqqlqj wkh er{ r!fh dqg wkh frqfhvvlrq duh dovr lpsruwdqw= vkrzlqj wlphv fdq eh vwdjjhuhg
wr nhhs vwd￿ dqg rwkhu lqsxwv frqwlqxrxvo| hpsor|hg1 Lq dq| fdvh/ pxowlsoh{hv duh qrz shuydvlyh1 Wkh
Qdwlrqdo Dvvrfldwlrq ri Wkhdwuh Rzqhuv uhsruwv wkdw lq wkh X1V1 lq 4<<: wkhuh zhuh 64/;98 prylh vfuhhqv/
exw rqo| :/7;3 wkhdwhuv dqg 86: h{klelwlrq frpsdqlhv1
7pd{lpl}dwlrq lv htxlydohqw wr uhyhqxh pd{lpl}dwlrq1 Wklv lv d uhdvrqdeoh dssur{lpdwlrq wr
uhdolw| ehfdxvh zkhq d prylh lv sodfhg lq wkh wkhdwhu prvw ri wkh glvwulexwru*v frvwv duh vxqn
dqg prvw ri wkh h{klelwru*v frvwv duh ￿{hg frvwv1
Wkh prgho kdv wzr glvwulexwruv dqg rqh h{klelwru1 Hdfk glvwulexwru kdv wzr prylhv=
Glvwulexwru 4 kdv 4d dqg 4e dqg Glvwulexwru 5 kdv 5d dqg 5e1 Wkh h{klelwru kdv d vlqjoh
wkhdwhu zlwk wzr dxglwrulxpv/ vr lw fdq vkrz rqo| wzr ri wkh irxu prylhv1 Iru vlpsolflw|/
dvvxph wkdw erwk dxglwrulxpv duh lghqwlfdo1 Wkhuh lv qr sulydwh lqirupdwlrq/ vr hyhu| sod|hu
kdv wkh vdph h{shfwdwlrqv derxw ghpdqg1 Doo sod|huv duh ulvn qhxwudo1 Ulvn qhxwudolw| pd|
eh xquhdolvwlf +vhh Ilovrq hw do1 5333,/ exw lw vlpsol￿hv wkh dqdo|vlv ri wkh frqwudfwlqj sureohp
dqg doorzv xv wr irfxv rq krz glvwulexwruv uhvsrqg wr furvv0ghpdqg h￿hfwv1 Iru vlpsolflw|
zh ljqruh frqfhvvlrq uhyhqxh18
Wkh jdph surfhhgv dv iroorzv= Hdfk glvwulexwru vxeplwv d olvw ri vl{ elgv/ rqh iru hyhu|
srvvleoh doorfdwlrq ri prylhv wr dxglwrulxpv +~4d/5d￿/ ~4d/4e￿/ ~4d/5e￿/ ~5d/4e￿/ ~5d/5e￿/
dqg ~4e/5e￿,1 Iru h{dpsoh/ Glvwulexwru 4 vxeplwv elg K￿
￿@2@ iru wkh doorfdwlrq ~4d/ 5d￿/ K￿
￿@￿K
iru wkh doorfdwlrq ~4d/ 4e￿/ dqg vr rq1 Wkhq wkh h{klelwru fkrrvhv wkh frpelqdwlrq ri prylhv
wkdw pd{lpl}hv wkh wrwdo elg1 Zh frpsxwh vxejdph shuihfw Qdvk htxloleuld/ dqg iroorzlqj
Ehuqkhlp dqg Zklqvwrq +4<<;, zh irfxv rq htxloleuld wkdw duh Sduhwr0xqgrplqdwhg +zlwklq
wkh vhw ri htxloleuld, iru wkh glvwulexwruv1
Ghqrwh wkh h{shfwhg uhyhqxh +wkh jurvv, ri prylh ￿ zkhq lw lv sdluhg zlwk prylh ￿ e| }￿
￿￿￿
Iru h{dpsoh/ zkhq 4d lv sdluhg zlwk 5d lwv h{shfwhg uhyhqxh lv }￿@
￿@2@1 Furvv h￿hfwv rq ghpdqg
duh dvvxphg wr eh suhvhqw> wkxv }￿@
￿@2@ pd| eh gl￿huhqw iurp }￿@
￿@2K1 Ghqrwh wkh h{shfwhg
uhyhqxhv glvwulexwruv 4 dqg 5 rewdlq iurp doorfdwlrq ~l/m￿ e| }￿
￿￿ dqg }2
￿￿ uhvshfwlyho|1 Wklv






￿@￿K￿ Dv dq h{dpsoh ri wkh srvvleoh sd|r￿v/ li wkh h{klelwru fkrrvhv
wkh frpelqdwlrq ~5d/ 4e￿ wkh h{klelwru uhfhlyhv sd|r￿ K￿
2@￿K n K2
2@￿K/ Glvwulexwru 4 uhfhlyhv
}￿
2@￿K ￿K￿
2@￿Kc dqg Glvwulexwru 5 uhfhlyhv }2
2@￿K ￿K2
2@￿K￿
8Lq uhdo0zruog h{klelwlrq frqwudfwv h{klelwruv uhfhlyh doo ri wkh frqfhvvlrq uhyhqxh +Ilovrq hw do1 5333,1
Wklv surylghv wkh h{klelwru zlwk vrph lqfhqwlyh wr pd{lpl}h dwwhqgdqfh/ zklfk lqyroyhv frqvlghulqj furvv0
ghpdqg h￿hfwv1 Wkh uhyhqxh0vkdulqj frqwudfw surylghv dgglwlrqdo lqfhqwlyhv wr frqvlghu furvv0ghpdqg h￿hfwv1
Uhshdwhg ghdolqjvdovr sod| d uroh ehfdxvh dq h{klelwru wkdw grhv qrw wdnhd glvwulexwru*v lqwhuhvwv lqwr dffrxqw
pd| eh sxqlvkhg lq wkh ixwxuh1
8Sursrvlwlrq 4 vkrzv wkdw wkh htxloleulxp doorfdwlrq ri prylhv wr dxglwrulxpv lv h!flhqw lq
wkh vhqvh wkdw lw pd{lpl}hv wkh wrwdo h{shfwhg wlfnhw uhyhqxh1 Sursrvlwlrq 4 dovr fkdudfwhul}hv
wkh htxloleulxp sd|r￿v ri hdfk sod|hu1 Hdfk glvwulexwru uhfhlyhv lwv pdujlqdo frqwulexwlrq wr
wrwdo uhyhqxh1 Iru h{dpsoh/ Glvwulexwru 4 uhfhlyhv wkh gl￿huhqfh ehwzhhq wkh wrwdo h{shfwhg
uhyhqxh dqg zkdw wkh wrwdo h{shfwhg uhyhqxh zrxog eh li rqo| Glvwulexwru 5*v prylhv zhuh
vkrzq lq wkh wkhdwhu1 Sursrvlwlrq 5 hvwdeolvkhv wkh nh| uhvxow ri wklv vxevhfwlrq= wkh htxl0
oleulxp doorfdwlrqv zlwk doorfdwlrq elgv fdq eh lpsohphqwhg zlwk frqwudfwv wkdw edvh wkh
h{klelwru*v sd|phqw rq wlfnhw uhyhqxh zlwkrxw fkdqjlqj wkh h{shfwhg sd|r￿v ri dq| sod|hu1
Doo surriv duh lq wkh dsshqgl{￿
Sursrvlwlrq 4= Lq htxloleulxp/ zkhq doorfdwlrq elgv duh xvhg wkh doorfdwlrq ri prylhv wr
dxglwrulxpv lv h!flhqw1 Wkdw lv/ wkh doorfdwlrq ~l/m￿ pd{lpl}hv }￿
￿￿ n}2
￿￿￿ Li wkhuh duh pxowlsoh
















Sursrvlwlrq 5= Dq| htxloleulxp doorfdwlrq zlwk doorfdwlrq elgv fdq eh lpsohphqwhg zlwk
frqwudfwv wkdw edvh wkh h{klelwru*v sd|phqw rq wlfnhw uhyhqxh1 Wkh h{shfwhg sd|r￿v duh wkh
vdph dv zlwk doorfdwlrq elgv1
Lq vxppdu|/ lq wkh suhvhqfh ri furvv h￿hfwv rq ghpdqg hdfk glvwulexwru zrxog olnh d
frqwudfw wkdw vshfl￿hv wkh h{klelwru*v hqwluh vodwh ri prylhv1 Ehfdxvh vxfk d frqwudfw lv
surklelwlyho| h{shqvlyh wr qhjrwldwh/ prqlwru/ dqg hqirufh/ uhdo0zruog glvwulexwruv xvh lqvwhdg
d frqwudfw wkdw edvhv wkh h{klelwru*v sd|phqw rq wlfnhw uhyhqxh1 Wklv frqwudfw surylghv
wkh h{klelwru zlwk wkh lqfhqwlyh wr pd{lpl}h wkh uhyhqxh iurp hdfk ri lwv prylhv1 Lq rxu
vw|ol}hg prgho/ edvlqj wkh h{klelwru*v sd|phqw rq wlfnhw uhyhqxh lpsohphqwv h{dfwo| wkh
vdph doorfdwlrqv dv wkh doorfdwlrq elgv gr 0 wkh h{klelwru wdnhv doo ri wkh furvv h￿hfwv rq
ghpdqg lqwr dffrxqw1 Dowkrxjk uhdo0zruog h{klelwlrq frqwudfwv duh pruh frpsoh{ wkdq
9wkrvh dqdo|}hg khuh lw lv uhdvrqdeoh wr dvvxph wkdw wkh| surylgh h{klelwruv zlwk lqfhqwlyhv
wr wdnh furvv h￿hfwv lqwr dffrxqw/ dqg wkxv duh vlplodu wr doorfdwlrq elgv1 Lq wkh vxevhfwlrqv
wkdw iroorz zh vlpso| dvvxph wkdw glvwulexwruv xvh doorfdwlrq elgv1
5141 G|qdplfv
Vwudwhjlf lqwhudfwlrq lq wkh edvlf prgho deryh lv olplwhg ehfdxvh wkh jdph lv vwdwlf1 Wklv
ohdgv wr vrph xquhdolvwlf lpsolfdwlrqv wkdw duh dw rggv zlwk uhdo0zruog revhuydwlrqv1 Rqh
xquhdolvwlf lpsolfdwlrq lv wkdw pxowlsoh klwv pd| eh vkrzq lq wkh wkhdwhu dw wkh vdph wlph1
Wklv lv lpsolhg e| Sursrvlwlrq 4/ zklfk vwdwhv wkdw wkh htxloleulxp doorfdwlrq pd{lpl}hv
wrwdo uhyhqxh1 Lq frqwudvw/ fdvxdo revhuydwlrq vxjjhvwv wkdw uhohdvh gdwhv ri klwv duh riwhq
vwdjjhuhg19 Fklvkrop +4<<<, surylghv hylghqfh wkdw frq￿upv wklv revhuydwlrq/ dqg G1 Eduu|
Uhdugrq/ suhvlghqw ri Zduqhu Eurwkhuv Glvwulexwlqj Frusrudwlrq/ zulwhv= ￿Frpshwlwlrq lv
d fuxfldo lvvxh lq wdujhwlqj d uhohdvh1 Zloo zh eh xs djdlqvw d prylh zlwk vlplodu dxglhqfh0
vhjphqw dsshdoB Vrphwlphv wklv ohdgv wr prylqj gdwhv xs ru edfn1￿ +Uhdugrq/ 4<<5,
Dqrwkhu idfw lv wkdw wkh ohqjwk ri wkh wkhdwulfdo uxq ydulhv dfurvv prylhv1 Glvwulexwru fkrlfhv
derxw uhohdvh gdwhv dqg uxq ohqjwkv lqwhudfw zlwk wkhlu fkrlfhv ri frqwudfw whupv1 Lq rughu
wr h{soruh wkhvh skhqrphqd zh ghyhors dqg vlpxodwh d g|qdplf yhuvlrq ri wkh prgho ri wkh
pxowlsoh{1
Lq wkh g|qdplf prgho/ wzr glvwulexwruv dqg d vlqjoh h{klelwru zlwk wzr dxglwrulxpv
lqwhudfw ryhu dq lq￿qlwh qxpehu ri wlph shulrgv1 Dv deryh/ doo sod|huv duh ulvn qhxwudo1 Wkh
glvwulexwruv pd{lpl}h wkhlu uhvshfwlyh ydoxhv/ dqg glvfrxqw ixwxuh shulrg sd|r￿v xvlqj d
glvfrxqw idfwru B ’ ￿b￿ Wkh h{klelwru pd{lpl}hv fxuuhqw sur￿w/ zklfk ghshqgv vroho| rq wkh
glvwulexwruv* elgv1
Hdfk shulrg hdfk glvwulexwru kdv wzr prylhv lq lwv lqyhqwru|1 Xquhohdvhg prylhv fdq eh
khog lq lqyhqwru| lqgh￿qlwho|/ exw d prylh fdq eh lq wkh wkhdwhu iru dw prvw wzr shulrgv/
dqg wkhvh shulrgv pxvw eh frqvhfxwlyh1 Diwhu wkdw wkh prylh pxvw eh gursshg iurp wkh
9Wkh idfw wkdw wklv rffxuv vkrzv wkdw dyrlglqj khdg0wr0khdg frpshwlwlrq lv d nh| frqfhuq lq wkh prylh
exvlqhvv1 Lq rwkhu lqgxvwulhv rwkhu frqfhuqv pljkw grplqdwh1 Iru h{dpsoh/ Gr|oh dqg Vq|ghu +4<<<, vkrz
wkdw lq wkh dxwrpreloh lqgxvwu| li rqh pdqxidfwxuhu dqqrxqfhv dq lqfuhdvh lq surgxfwlrq rwkhu pdqxidfwxuhuv
uhvsrqg e| lqfuhdvlqj wkhlu surgxfwlrq1 Dqqrxqfhphqwv uhyhdo sulydwh lqirupdwlrq derxw frpprq ghpdqg
sdudphwhuv/ dqg wklv h￿hfw grplqdwhv wkh ghvluh wr dyrlg khdg0wr0khdg frpshwlwlrq1
:glvwulexwru*v lqyhqwru| dqg uhsodfhg zlwk d qhz prylh1 Wklv fdswxuhv wkh pdlq ihdwxuhv ri
uhdo0zruog uhohdvhv dqg uxqv= ghod|hg uhohdvhv rffxu/ exw zkhq d prylh lv uhohdvhg dq lqlwldo
frqwudfw lv vljqhg iru irxu wr hljkw zhhnv dqg wkhuh lv dq rswlrq iru d uhqhzdo1:
Li d prylh kdv ehhq lq wkh wkhdwhu iru wzr shulrgv wkhq wkhuh lv qr frvw lq uhsodflqj lw/ exw
d glvwulexwru fdq uhsodfh d prylh ehiruh wkh wzr shulrgv duh ryhu e| sd|lqj d uhsodfhphqw
frvw ri S1 Wklv dvvxpswlrq uh hfwv wkh idfw wkdw surgxfwlrq vfkhgxohv duh w|slfdoo| vhw |hduv
lq dgydqfh dorqj zlwk whqwdwlyh uhohdvh zlqgrzv/ dqg lw lv frvwo| wr vshhg xs surgxfwlrq1 Lq
wkh vlpxodwlrq S ’ ￿2D￿ D glvwulexwru fdqqrw dgg d qhz prylh wr lwv lqyhqwru| xqohvv rqh lv
uhsodfhg 0 hdfk glvwulexwru fdq krog rqo| wzr prylhv lq lwv lqyhqwru| lq dq| shulrg1
Qhz prylhv duh gudzq dw udqgrp1 Hdfk prylh lv d ￿klw￿ zlwk suredelolw| 138 dqg d ￿ rs￿
zlwk suredelolw| 1<8/ zkhuh klwv hduq kljk h{shfwhg uhyhqxhv dqg  rsv hduq orz h{shfwhg
uhyhqxhv1; Qrlv| sxeolf vljqdov ri hdfk qhz prylh*v w|sh duh revhuyhg1< Li d klw vljqdo lv
revhuyhg wkhq wkh prylh lv d klw zlwk suredelolw| 1<8/ dqg li d  rs vljqdo lv revhuyhg wkhq
wkh prylh lv d klw zlwk suredelolw| 133596143 Diwhu d prylh kdv ehhq vkrzq lq wkh wkhdwhu
:Lq rxu prgho qhz frqwudfwv duh qhjrwldwhg hdfk shulrg1 Uhdo0zruog frqwudfwv pd| lqfoxgh krogryhu
fodxvhv wkdw dfklhyh wkh vdph uhvxow= klw prylhv duh nhsw lq wkh wkhdwhu orqjhu1 Krogryhu fodxvhv uhgxfh
wudqvdfwlrqv frvwv e| uhprylqj wkh qhhg iru qhz qhjrwldwlrqv1 Vlqfh zh gr qrw lqfoxgh qhjrwldwlrq frvwv lq
wkh prgho/ zh zloo qrw dgguhvv wklv dq| ixuwkhu1
;Gh Ydq| dqg Zdoov +4<<9/ 4<<<, vkrz wkdw wkh glvwulexwlrq ri fxpxodwlyh er{ r!fh uhyhqxhv lv ehvw0
dssur{lpdwhg e| wkh Sduhwr glvwulexwlrq/ zklfk lv vnhzhg wr wkh uljkw1 Wkxv/ klwv duh uduh dqg  rsv duh wkh
uxoh1
<Zh dvvxph wkdw d vljqdo ri d prylh*v w|sh lv qrw revhuyhg xqwlo wkh prylh lv dgghg wr lqyhqwru|1 Uhdghuv
idploldu zlwk g|qdplf surjudpplqj zloo qrwh wkdw dvvxplqj wkdw qhz prylhv duh udqgrpo| gudzq khosv nhhs
wkh vl}h ri wkh vwdwh vsdfh pdqdjhdeoh ehfdxvh wkh rqo| vwdwh yduldeohv duh wkh fkdudfwhulvwlfv ri wkh prylhv
wkdw duh fxuuhqwo| khog lq lqyhqwru|1 Hylghqfh vxjjhvwv wkdw wkh dvvxpswlrq lv uhdvrqdeoh1 Gh Ydq| dqg Zdoov
+4<<9/ 4<<<, vkrz wkdw wkh glvwulexwlrq ri fxpxodwlyh er{ r!fh uhyhqxhv kdv dq lq￿qlwh yduldqfh1 Wkxv/ li
qhz prylhv duh udqgrp gudzv iurp wkh glvwulexwlrq ri doo suhylrxv prylhv wkhq wkhuh lv qr zd| wr iruhfdvw er{
r!fh uhyhqxhv1 Zkhq wkh surgxfwlrq vfkhgxoh lv vhw wkhuh lv yhu| olwwoh prylh0vshfl￿f lqirupdwlrq dydlodeoh>
dw ehvw d vfulsw lv dydlodeoh dqg wkh pdlq dfwruv duh nqrzq1 Wkxv/ qhz prylhv fdq dujxdeo| eh uhjdughg dv
udqgrp gudzv1 Fklvkrop +4<<<, suhvhqwv dq dowhuqdwlyh ylhz dqg dvvhuwv wkdw wkh prylh0vshfl￿f lqirupdwlrq
wkdw vwxglrv revhuyh ehiruh surgxfwlrq vwduwv lv vx!flhqw wr sodq uhohdvh vfkhgxohv wr uhohdvh klwv durxqg
krolgd| zhhnhqgv1 Krzhyhu/ zkloh wklv grhv kdsshq/ plvwdnhv duh riwhq pdgh/ dqg wkhuh lv d zhoo0hvwdeolvkhg
erg| ri hylghqfh wkdw vkrzv wkdw vwxglr iruhfdvwv duh riwhq zurqj +vhh Erufkhuglqj dqg Ilovrq/ 5334 dqg
wkh vrxufhv flwhg wkhuh,1 Iru h{dpsoh/ vrph ri wkh kljkhvw0jurvvlqj prylhv lq klvwru| zhuh lqlwldoo| wxuqhg
grzq e| vwxglrv/ lqfoxglqj Vwdu Zduv dqg Wlwdqlf/ dqg elj ehwv kdyh ehhq pdgh rq  rsv/ wrr/ olnh Krzdug
wkh Gxfn dqg Lvkwdu1 Wkxv/ dvvxplqj wkdw ￿qrerg| nqrzv dq|wklqj￿ +Jrogpdq/ 4<;<, dw wkh surgxfwlrq
vwdjh dssur{lpdwhv uhdolw| zhoo hyhq li lw lv qrw suhflvho| fruuhfw1 Rqfh wkh prylh kdv ehhq pdgh/ suh0uhohdvh
vxuyh|v duh shuiruphg dqg vljqdov ri lwv srwhqwldo duh revhuyhg1 Hyhq wkhq huuruv duh srvvleoh> khqfh zh
doorz iru qrlv| vljqdov1
43Wkhvh qxpehuv uh hfw wkh fdvxdo revhuydwlrq wkdw vwxglrv duh pruh riwhq glvdssrlqwhg e| idlolqj zlwk
dqwlflsdwhg klwv wkdq vxusulvhg e| vxffhhglqj zlwk dqwlflsdwhg  rsv1 Dovr/ wkh qxpehuv hqvxuh wkdw wkh vljqdov
duh xqeldvhg lq wkh vhqvh wkdw wkh suredelolw| ri revhuylqj d vljqdo ri  rs lv wkh vdph dv wkh suredelolw| ri
;l w vw | s hl vu h yhdohg1
Jlyhq wkh dvvxpswlrqv/ wkh h{shfwhg uhyhqxh ri hdfk prylh ghshqg rq wzr idfwruv= hdfk
prylh lv hlwkhu ￿qhz￿ +xquhohdvhg, ru ￿rog￿ +uhohdvhg odvw shulrg, dqg lv eholhyhg wr eh hlwkhu
d klw ru d  rs1 W|slfdoo| wkh ghpdqg iru d prylh rq d shu0wkhdwhu edvlv lv kljkhvw zkhq lw lv
￿uvw uhohdvhg dqg idoov ryhu wlph144 Wkhuhiruh zh dvvxph wkdw rog prylhv hduq orzhu h{shfwhg
uhyhqxhv wkdq qhz prylhv/ rwkhu wklqjv htxdo1 Vxssrvh wkdw wkh wzr prylhv lq wkh wkhdwhu
duh D dqg E1 Li hdfk prylh lv d ￿qhz  rs￿ wkhq hdfk prylh*v h{shfwhg uhyhqxh lv 41 Li D
kdv d klw vljqdo lwv h{shfwhg uhyhqxh ulvhv e| d idfwru ￿:￿( li E kdv d klw vljqdo wkhq D*v
h{shfwhg uhyhqxh idoov e| d idfwru ￿S ￿ ￿( li D lv rog wkhq lwv h{shfwhg uhyhqxh idoov e| d
idfwru )￿￿( li E lv rog wkhq D*v h{shfwhg uhyhqxh ulvhv e| d idfwru )S : ￿￿ Iru h{dpsoh/ li
wkh wzr prylhv lq wkh wkhdwhu duh d qhz klw dqg dq rog  rs wkhq wkh qhz klw kdv h{shfwhg
uhyhqxh ￿)S dqg wkh rog  rs kdv h{shfwhg uhyhqxh ￿S)￿ Li erwk duh qhz klwv wkhq hdfk kdv
h{shfwhg uhyhqxh ￿￿S￿ Wkh dvvxpswlrqv rq ￿S dqg )S lpso| wkdw D dqg E duh vxevwlwxwhv iru
vrph frqvxphuv1
Wkh ghpdqg sdudphwhu ydoxhv fkrvhq hqvxuh wkdw lq rughu wr pd{lpl}h uhyhqxh lq d
jlyhq shulrg doo qhz klwv vkrxog eh doorfdwhg/ wkhq rog klwv/ wkhq qhz  rsv/ dqg wkhq rog
 rsv1 Wklv pdnhv lw hdv| wr frpsduh wkh uhvxowv ri wkh vwdwlf dqg g|qdplf jdphv ehfdxvh/
e| Sursrvlwlrq 4/ wkh htxloleulxp lq wkh vwdwlf jdph lv dozd|v uhyhqxh0pd{lpl}lqj1 Wkh
sdudphwhu ydoxhv xvhg duh= ￿ ’ Dc￿ S ’ ￿Hc)’ ￿DDc dqg )S ’￿ ￿fD￿
Wlplqj lq wkh prgho lv dv iroorzv1 Dw wkh ehjlqqlqj ri hdfk shulrg hdfk glvwulexwru pdnhv
lwv lqyhqwru| uhsodfhphqw ghflvlrq vlpxowdqhrxvo|1 Wkhq/ li dq| prylhv zhuh uhsodfhg/ wkh
vljqdov ri wkh qhz prylhv* w|shv duh revhuyhg1 Wkhq wkh glvwulexwruv r￿hu frqwudfwv wr wkh
h{klelwru1 Wkh frqwudfwv duh doorfdwlrq elgv/ dv lq wkh deryh vxevhfwlrq= hdfk glvwulexwru
vxeplwv vl{ doorfdwlrq elgv/ rqh iru hdfk srvvleoh doorfdwlrq +~4d/5d￿/ ~4d/4e￿/ ~4d/5e￿/
~5d/4e￿/ ~5d/5e￿/ dqg ~4e/5e￿,1 Wkhq wkh h{klelwru fkrrvhv dq doorfdwlrq wr pd{lpl}h wkh
vxp ri wkh wzr glvwulexwruv* elgv1 Wkhq wkh xqfhuwdlqw| derxw wkh qhz prylhv* w|shv lv
udqgrpo| gudzlqj d  rs= vroylqj s+4 ￿ =33596, . +4 ￿ s,+4 ￿ =<8, @ =<8 uhvxowv lq s @ =<81 Wkh klw vljqdov
duh xqeldvhg lq wkh vdph vhqvh1
44Gh Ydq| dqg Hfnhuw +4<<4,/ Gh Ydq| dqg Zdoov +4<<9/ 4<<<, dqg Vdzkqh| dqg Holdvkehuj +4<<9, h{dplqh
wlph vhulhv ri wlfnhw uhyhqxh1 Dowkrxjk prvw ri wkh dqdo|vlv lv shuiruphg xvlqj qdwlrqdo uhyhqxh/ wkh gdwd
rq uhyhqxh shu vfuhhq vxjjhvwv wkdw uhyhqxh shu vfuhhq whqgv wr idoo ryhu wlph1
<uhvroyhg dqg wkh shulrg hqgv1 Zh frpsxwh d Pdunry Shuihfw Htxloleulxp= hdfk glvwulexwru
vroyhv d g|qdplf surjudpplqj sureohp zkhuh doo fkrlfhv duh ixqfwlrqv ri wkh sd|r￿0uhohydqw
vwdwh yduldeohv +wkh prylh w|shv, dqg duh ehvw uhvsrqvhv wr wkh rwkhu glvwulexwru*v dqg wkh
h{klelwru*v fkrlfhv1
Wkh sd|r￿ pdwul{ ri wkh uhsodfhphqw vwdjh ri wkh jdph lv vkrzq lq Iljxuh 41 Iljxuh 4
ghvfulehv wkh prvw jhqhudo fdvh ri wkh uhsodfhphqw vwdjh 0 lq fdvhv zkhuh rqh ru pruh ri wkh
prylhv zdv rog lq wkh suhylrxv shulrg vrph ri wkh vwudwhjlhv lq Iljxuh 4 fdq eh uxohg rxw
ehfdxvh prylhv wkdw zhuh rog pxvw eh uhsodfhg1 Qrwh wkdw diwhu wkh uhsodfhphqw jdph lv
sod|hg dw prvw wzr prylhv rxw ri wkh wrwdo ri irxu khog lq lqyhqwru| fdq eh rog1 Doo prylhv
wkdw zhuh rog lq wkh suhylrxv shulrg pxvw eh gursshg iurp lqyhqwru|/ dqg li wkhuh duh qrqh
ri wkhvh wkhq wkh rqo| rog prylhv duh wkh wzr wkdw zhuh vkrzq lq wkh suhylrxv shulrg1 Wkh
qrwdwlrq ‘ ￿
@K@K ghqrwhv Glvwulexwru ￿*v h{shfwhg ydoxh lq wkh fdvh zkhuh wkh glvwulexwruv nhhs
~4d/4e￿ dqg ~5d/5e￿1 Wkh vxevfulsw @￿ lv xvhg zkhq @ lv uhsodfhg zlwk d qhz prylh> K￿ lv
xvhg vlploduo|1 Iru h{dpsoh/ ‘ 2
@￿K@K￿ ghqrwhv Glvwulexwru 5*v h{shfwhg ydoxh zkhq Glvwulexwru
4 uhsodfhv 4d dqg Glvwulexwru 5 uhsodfhv 5e1 Doo ri wkh ‘*v duh h{shfwhg ydoxhv ehfdxvh wkh|
wdnh lqwr dffrxqw xqfhuwdlqw| derxw uhyhqxh dqg prylh w|shv1
Wkh vlpxodwlrq dojrulwkp frpsxwhv doo ri wkh Qdvk htxloleuld lq wkh uhsodfhphqw jdph/
holplqdwhv dq| Sduhwr lqihulru htxloleuld/ dqg wkhq frpsxwhv h{shfwhg sd|r￿v xqghu wkh
dvvxpswlrq wkdw hdfk uhpdlqlqj htxloleulxp lv vhohfwhg zlwk htxdo suredelolw|145 Ghqrwh
wkh h{shfwhg sd|r￿v wkdw uhvxow e| T ￿ dqg T 2￿ Iru h{dpsoh/ li Glvwulexwru 4 nhhsv erwk ri
lwv prylhv dqg Glvwulexwru 5 uhsodfhv 5d wkhq T ￿ ’ ‘ ￿
@K@￿K dqg T 2 ’ ‘2
@K@￿K￿ Lq fdvhv zlwk
pxowlsoh htxloleuld/ T ￿ dqg T 2 duh dyhudjhv ri wkh uhohydqw ‘ ￿ dqg ‘ 2 ydoxhv1
Rqfh uhsodfhphqw ghflvlrqv kdyh ehhq pdgh wkh prylhv* djhv dqg vljqdov duh wdnhq dv
jlyhq iru wkh uhpdlqghu ri wkh shulrg1 Wkh htxloleulxp lq wkh elgglqj jdph lv vlplodu wr
wkh htxloleulxp lq wkh vwdwlf jdph= 4, Wkh doorfdwlrq pd{lpl}hv wkh vxp ri wkh glvwulexwruv*
h{shfwhg ydoxhv> dqg 5, Glvwulexwru ￿*v h{shfwhg sd|r￿ lv wkh wrwdo h{shfwhg ydoxh plqxv
45Dvvxplqj wkdw hdfk sxuhvwudwhj| htxloleulxp lv vhohfwhg zlwk htxdo suredelolw| lv vlpsohu wkdq frpsxwlqj
pl{hg vwudwhj| htxloleuld dqg uhvxowv lq fohduhu suhglfwlrqv1 Lw dovr hqvxuhv wkdw lq vlwxdwlrqv zkhuh wkh wzr
glvwulexwruv kdyh lghqwlfdo prylh w|shv/ wkhlu sd|r￿v duh lghqwlfdo1 Wkh vlpxodwlrq dojrulwkp doorzv iru wkh
srvvlelolw| wkdw qr sxuh vwudwhj| htxloleulxp h{lvwv lq wkh uhsodfhphqw vwdjh/ lq zklfk fdvh lw frpsxwhv d
pl{hg vwudwhj| htxloleulxp1 Krzhyhu/ wklv ihdwxuh ri wkh dojrulwkp suryhg wr eh xqhfhvvdu|/ ehfdxvh lq hyhu|
fdvh d sxuh vwudwhj| htxloleulxp h{lvwhg1
43wkh wrwdo h{shfwhg sd|r￿ wkdw zrxog uhvxow li wkh h{klelwru frqwudfwhg vroho| zlwk wkh rwkhu
glvwulexwru146 Iru h{dpsoh/ frqvlghu wkh fdvh zkhuh hdfk glvwulexwru nhhsv erwk ri lwv prylhv
dw wkh ehjlqqlqj ri wkh shulrg1 Vxssrvh wkdw wkh htxloleulxp doorfdwlrq lv ~l/m￿1 Wkhq
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.dT ￿￿E@K@K(￿c￿￿o lv Glvwulexwru 4*v h{shfwhg ixwxuh ydoxh ri T ￿ jlyhq wkdw wkh fxuuhqw prylhv
duh ~4d/4e￿ dqg ~5d/5e￿ dqg wkdw wkh fxuuhqw doorfdwlrq lv ~l/m￿1 Wkh rwkhu h{shfwhg ydoxhv
duh gh￿qhg vlploduo|1 Wkhvh h{shfwdwlrqv wdnh lqwr dffrxqw wkh idfw wkdw dq| xqfhuwdlqw|
derxw wkh w|shv ri prylhv l dqg m lv uhvroyhg ehiruh wkh qh{w shulrg ehjlqv1
Wkh ydoxh ixqfwlrqv ri wkh wzr glvwulexwruv duh frpsxwhg e| prgli|lqj wkh frpprq
whfkqltxh iru frpsxwlqj g|qdplf surjudpplqj sureohpv zlwk vlqjoh ghflvlrq pdnhuv nqrzq
dv ￿lwhudwlqj rq wkh ydoxh ixqfwlrq￿ +ghvfulehg e| Vwrnh|/ Oxfdv/ dqg Suhvfrww/ 4<;<,1 Wkh
prgl￿fdwlrq doorzv iru wzr djhqwv wr lqwhudfw1 D julg ri doo wkh srvvleoh ydoxhv ri wkh vwdwh
yduldeohv +prylh djhv dqg w|shv iru hdfk glvwulexwru, lv frqvwuxfwhg/ dqg wr lqlwldwh wkh
lwhudwlrqv wkh ydoxh ixqfwlrq ri hdfk glvwulexwru lv vhw htxdo wr 3 dw hyhu| julg srlqw1 Wkhq
wkh htxloleulxp ri wkh jdph lv frpsxwhg dw hdfk julg srlqw dqg qhz ydoxh ixqfwlrqv duh
rewdlqhg1 Wklv surfhvv lv uhshdwhg xqwlo wkh ydoxh ixqfwlrqv qr orqjhu fkdqjh147
Wdeoh 4 vxppdul}hv wkh vlpxodwlrq uhvxowv1 Zh irfxv rq fdvhv wkdw ohdg wr ghod|hg qhz
klw uhohdvhv/ vr rqo| wkh lqyhqwrulhv lq zklfk Glvwulexwru 4 kdv dw ohdvw rqh qhz klw duh olvwhg1
Wkh lghqwlwlhv ri wkh glvwulexwruv duh lqwhufkdqjhdeoh/ vr wkh lqyhqwrulhv lq zklfk Glvwulexwru
5 kdv dw ohdvw rqh qhz klw qhhg qrw eh olvwhg vhsdudwho|1 Doo ri wkh lqyhqwrulhv lq zklfk
46Wkh surri iroorzv wkh vdph surfhvv dv wkh surri ri Sursrvlwlrq 4 0 vlpso| uhsodfh wkh glvwulexwruv*
uhyhqxhv zlwk wkh glvwulexwruv* ydoxhv1 Iru euhylw| zh rplw wkh ghwdlov1
47Dv idu dv zh duh dzduh wkhuh lv qr jhqhudo surri ri htxloleulxp h{lvwhqfh lq wklv w|sh ri hqylurqphqw1
Krzhyhu/ wkh ydoxh ixqfwlrqv frqyhujhg vr wkh htxloleulxp pxvw h{lvw/ dw ohdvw dw wkh fkrvhq sdudphwhu
ydoxhv1 Zh h{shulphqwhg zlwk ydu|lqj wkh sdudphwhu ydoxhv dqg wkh htxloleulxp h{lvwv iru d odujh udqjh ri
sdudphwhuv1
44qhlwkhu sod|hu kdv d qhz klw ohdg wr doorfdwlrqv wkdw kdyh wkh vdph h{shfwhg uhyhqxh dv lq
wkh vwdwlf prgho 0 h{shfwhg uhyhqxh lv pd{lpl}hg dqg qr vwudwhjlf ghod|v rffxu1
Wkh ￿uvw froxpq lq Wdeoh 4 olvwv Glvwulexwru 4*v lqyhqwru|/ wkh vhfrqg olvwv Glvwulexwru
5*v lqyhqwru|/ dqg wkh wklug olvwv doo ri wkh srvvleoh htxloleulxp doorfdwlrqv ri prylhv wr
dxglwrulxpv1 Lw lv dvvxphg wkdw wkh uhsodfhphqw jdph kdv douhdg| ehhq sod|hg1 Iru h{dpsoh/
wkh hohphqw lq wkh vl{wk urz lv ~qhz klw/ qhz klw￿ ~rog klw/ qhz  rs￿> diwhu wkh uhsodfhphqw
jdph Glvwulexwru 4 kdv wzr qhz prylhv zlwk klw vljqdov dqg Glvwulexwru 5 kdv dq rog klw dqg
d qhz  rs1 Wkh srvvleoh htxloleulxp doorfdwlrqv lq wklv fdvh duh ~4d/ 5d￿ dqg ~5d/ 4e￿1 Wkxv/
wkh htxloleulxp doorfdwlrqv lqyroyh rqh ri Glvwulexwru 4*v qhz klwv sdluhg zlwk Glvwulexwru
5*v rog klw1 Wklv gl￿huv iurp wkh vwdwlf fdvh/ lq zklfk erwk qhz klwv zrxog eh doorfdwhg wr
wkh wkhdwhu1
Wkh irxuwk froxpq lq Wdeoh 4 lqglfdwhv zkhwkhu d ghod|hg uhohdvh rffxuv lq htxloleulxp1
Dq hqwu| ri ￿Ghod|￿ lqglfdwhv wkdw wkh uhohdvh ri d qhz klw lv ghod|hg1 Lq doo vxfk fdvhv wkh
htxloleulxp doorfdwlrq lq wkh g|qdplf jdph gl￿huv iurp wkh htxloleulxp doorfdwlrq lq wkh
vwdwlf jdph1 Dq hqwu| ri ￿Qr￿ lqglfdwhv wkdw doo qhz klwv duh uhohdvhg/ dqg dq hqwu| ri ￿0￿
lqglfdwhv wkdw wkhuh duh wkuhh qhz klwv dydlodeoh dqg wzr duh uhohdvhg1 Wkh uhvxowv uhyhdo
vhyhudo w|shv ri ghod| vwudwhjlhv1 Glvwulexwru 4 riwhq ghod|v uhohdvlqj d qhz klw wr dyrlg
frpshwlqj zlwk lwv rzq ru Glvwulexwru 5*v qhz ru rog klwv1
Lq wkh ￿uvw vhw ri uhvxowv lq Wdeoh 4 Glvwulexwru 4 kdv wzr qhz klwv1 Zkhq Glvwulexwru
5 dovr kdv d qhz klw/ wzr qhz klwv duh sodfhg lq wkh wkhdwhu1 Zkhq Glvwulexwru 5 grhv qrw
kdyh d qhz klw Glvwulexwru 4 ghod|v uhohdvlqj rqh ri lwv klwv1 Lq wkh vwdwlf jdph Glvwulexwru
4 zrxog sodfh erwk qhz klwv lq wkh wkhdwhu dw rqfh exw lq wkh g|qdplf jdph lw lv zruwkzkloh
wr zdlw dqg wkxv dyrlg wkh dgyhuvh furvv h￿hfw rq ghpdqg1 Wkh ￿uvw klw fdq sod| rxw lq wkh
wkhdwhu dqg wkhq wkh vhfrqg rqh fdq eh uhohdvhg1 Wklv lv dq rswlpdo vwudwhj| ehfdxvh lw lv
xqolnho| wkdw Glvwulexwru 5 zloo rewdlq d frpshwlqj qhz klw vrrq/ jlyhq wkdw wkh suredelolw|
ri gudzlqj d klw lv orz1
Lq wkh vhfrqg vhw ri uhvxowv Glvwulexwru 4 kdv d qhz klw dqg dq rog klw1 Zkhq Glvwulexwru
5 kdv wzr qhz klwv/ wzr qhz klwv duh sodfhg lq wkh wkhdwhu1 Zkhq Glvwulexwru 5 kdv rqo| rqh
qhz klw wkhq wkh htxloleulxp doorfdwlrq qhyhu lqfoxghv erwk qhz klwv 0 wkh uhohdvh ri rqh lv
ghod|hg1 Zkhq Glvwulexwru 5 kdv qr qhz klwv Glvwulexwru 4 vwloo ghod|v wkh uhohdvh ri lwv qhz
45klw dqg ohwv lwv rog klw sod| rxw 0 doo ri wkh htxloleulxp doorfdwlrqv lq wkhvh fdvhv lqfoxgh 4e/
Glvwulexwru 4*v rog klw/ exw qrqh lqfoxgh 4d/ Glvwulexwru 4*v qhz klw1
Lq wkh wklug vhw ri uhvxowv Glvwulexwru 4 kdv d qhz klw dqg d qhz  rs1 Djdlq/ lq vhyhudo
fdvhv Glvwulexwru 4 ghod|v uhohdvlqj lwv qhz klw/ hlwkhu wr dyrlg khdg0wr0khdg frpshwlwlrq
zlwk Glvwulexwru 5*v qhz klw ru wr zdlw iru Glvwulexwru 5*v rog klw wr ￿qlvk lwv uxq1 Krzhyhu/
wkh odvw irxu fdvhv lq wklv fdwhjru| vkrz wkdw li Glvwulexwru 5*v prylhv duh ri vx!flhqwo| orz
txdolw| +li hqrxjk duh rog ru  rsv, wkhq Glvwulexwru 4 grhv qrw ghod| wkh uhohdvh ri lwv qhz
klw1
Wkh odvw vhw ri uhvxowv ghvfuleh fdvhv lq zklfk Glvwulexwru 4 kdv d qhz klw dqg dq rog
 rs1 Dv lq wkh wklug vhw ri uhvxowv/ ghod| lv pruh olnho| wr rffxu li Glvwulexwru 5*v prylhv
duh ri kljk txdolw|1 Krzhyhu/ wkh uhodwlrqvkls lv qrw dv vlpsoh dv lq wkh wklug vhw ri uhvxowv=
ghod| rffxuv zkhq Glvwulexwru 5 kdv dq rog klw dqg d qhz  rs exw qrw zkhq Glvwulexwru 5
kdv wkh kljkhu txdolw| lqyhqwru| ri d qhz klw dqg dq rog  rs1 Wkh uhdvrq iru wklv lv wkdw li
Glvwulexwru 4 ghod|v wkh uhohdvh ri lwv qhz klw zkhq Glvwulexwru 5 kdv d qhz klw wkhq lw kdv
wr zdlw iru wzr shulrgv iru Glvwulexwru 5*v qhz klw wr ￿qlvk lwv uxq/ zkhuhdv li Glvwulexwru 5
kdv dq rog klw wkhq Glvwulexwru 4 kdv wr zdlw iru rqo| rqh shulrg iru Glvwulexwru 5*v prylh
wr ￿qlvk lwv uxq1 Wkhuhiruh/ Glvwulexwru 4 lv pruh zloolqj wr ghod| zkhq Glvwulexwru 5 kdv dq
rog klw1
Wkh htxloleulxp frqwudfw whupv kdyh lpsruwdqw h￿hfwv rq sd|r￿v dqg wkxv lq xhqfh wkh
ghflvlrq wr ghod|1 Wkh odvw wkuhh froxpqv lq Wdeoh 4 ghvfuleh wkh sd|r￿v ri hdfk sod|hu= wkh
glvwulexwruv* ydoxhv duh olvwhg ￿uvw dqg wkhq wkh h{klelwru*v sd|r￿1 Wkh wdeoh uhyhdov vhyhudo
lqwhuhvwlqj sdwwhuqv1 Iluvw/ wdnlqj Glvwulexwru 4*v lqyhqwru| dv jlyhq/ Glvwulexwru 4*v ydoxh lv
kljkhu/ wkh orzhu wkh txdolw| ri Glvwulexwru 5*v prylhv1 Wklv iroorzv iurp h{suhvvlrq +515,/
zklfk vkrzv wkdw Glvwulexwru 4*v ydoxh lv ghfuhdvlqj lq wkh ydoxh jhqhudwhg li rqo| Glvwulexwru
5*v prylhv duh vkrzq lq wkh wkhdwhu1 Wkxv/ Glvwulexwru 4 fdq lqfuhdvh lwv ydoxh e| kdylqj
klwv/ exw lwv ydoxh lqfuhdvhv hyhq pruh li lw kdv klwv zkloh lwv frpshwlwru kdv  rsv 0 wkxv/
ghod|lqj wkh uhohdvh ri klwv fdq eh ydoxh0pd{lpl}lqj1
Wkh vhfrqg sdwwhuq lv wkdw wkh h{klelwru*v sd|r￿ lv qrw dozd|v lqfuhdvlqj lq wkh txdolw|
ri wkh glvwulexwruv* lqyhqwrulhv ru wkh txdolw| ri wkh prylhv lq wkh wkhdwhu1 Iru h{dpsoh/
frpsduh wkh lqyhqwru| ~qhz klw/ qhz klw￿ ~qhz klw/ rog klw￿ wr wkh lqyhqwru| ~qhz klw/ qhz
46klw￿ ~rog klw/ rog klw￿1 Fohduo| wkh ￿uvw lqyhqwru| lv ri kljkhu txdolw|/ dqg wkh htxloleulxp
doorfdwlrq lv wzr qhz klwv/ zklfk lv ehwwhu wkdq wkh doorfdwlrq ri wzr rog klwv wkdw uhvxowv lq
wkh vhfrqg fdvh1 Krzhyhu/ wkh h{klelwru*v sd|r￿ lv kljkhu lq wkh vhfrqg fdvh1 Wkh lqwxlwlrq
iurp wkh vwdwlf prgho h{sodlqv zk| wklv rffxuv1 Sursrvlwlrq 4 vkrzv wkdw wkh h{klelwru*v
sd|r￿ lv lqfuhdvlqj lq wkh ydoxh wkdw hdfk glvwulexwru fdq jhqhudwh zlwk dq h{foxvlyh frqwudfw
exw ghfuhdvlqj lq wkh uhyhqxh jhqhudwhg e| wkh htxloleulxp doorfdwlrq1 Wkxv/ wkh h{klelwru
suhihuv vwdwhv lq zklfk hdfk glvwulexwru kdv d kljk ydoxh rq lwv rzq exw zkhuh wkhlu frpelqhg
ydoxh lv orz1
Wkh rwkhu dvshfw ri g|qdplf frpshwlwlrq zh zlvk wr dgguhvv lv hduo| uhsodfhphqw ghfl0
vlrqv1 Li hduo| uhsodfhphqwv duh frvwohvv wkhq erwk glvwulexwruv pdnh uhsodfhphqwv zkhqhyhu
wkh| revhuyh d  rs vljqdo ehfdxvh klwv hduq kljkhu uhyhqxh1 Krzhyhu/ wkh uhvxowv duh frp0
sxwhg xqghu wkh pruh uhdvrqdeoh dvvxpswlrq wkdw hduo| uhsodfhphqwv duh frvwo|= dq hduo|
uhsodfhphqw frvwv S ’ ￿2D￿
Jlyhq wkh sdudphwhu ydoxhv/ hduo| uhsodfhphqwv kdsshq lq rqo| wzr fdvhv wkdw uduho|
rffxu1 Lq hdfk fdvh/ wkh prylhv uhsodfhg duh rog  rsv1 Lq wkh ￿uvw fdvh dw wkh ehjlqqlqj
ri wkh shulrg hdfk glvwulexwru kdv rqh qhz  rs dqg rqh rog  rs/ dqg lq htxloleulxp rqh
ri wkh glvwulexwruv uhsodfhv lwv rog  rs1 Lq wkh vhfrqg fdvh dw wkh ehjlqqlqj ri wkh shulrg
rqh glvwulexwru kdv wzr rog  rsv dqg wkh rwkhu kdv wzr qhz klwv/ dqg wkh glvwulexwru zlwk
wzr rog  rsv uhsodfhv rqh ri lwv prylhv1 Wkhvh vwdwhv uduho| rffxu ehfdxvh wkh| rffxu dv d
uhvxow ri glvwulexwruv uhfhlylqj lqfruuhfw vljqdov derxw prylh w|shv lq wkh suhylrxv shulrg1
Iru h{dpsoh/ frqvlghu wkh vhfrqg fdvh1 Lq rughu iru rqh glvwulexwru wr kdyh wzr qhz klwv
zkloh wkh rwkhu kdv wzr rog  rsv/ wkh wzr qhz klwv pxvw kdyh ehhq khog lq lqyhqwru| lq wkh
suhylrxv shulrg zkloh wkh wzr  rsv/ zklfk zhuh wkhq qhz prylhv/ zhuh vkrzq rq vfuhhq1
Wklv frxog rffxu lq htxloleulxp rqo| li wkh wzr  rsv zhuh erwk dqwlflsdwhg wr eh klwv 0w k h
lqyhqwru| pxvw kdyh ehhq ~qhz klw/ qhz klw￿ ~qhz klw/ qhz klw￿1 Li rqh zdv dqwlflsdwhg wr
eh d  rs/ wkhq wkh uhvxowv iurp Wdeoh 4 +wkh fdvh ~qhz klw/ qhz klw￿ ~qhz klw/ qhz  rs￿,
vkrz wkdw wkh htxloleulxp doorfdwlrq zrxog qrw lqfoxgh wkdw prylh1 Li erwk zhuh dqwlflsdwhg
wr eh  rsv/ wkhq wkh uhvxowv iurp Wdeoh 4 +~qhz klw/ qhz klw￿ ~qhz  rs/ qhz  rs￿, vkrz
wkdw rqh ri wkh qhz  rsv zrxog qrw eh doorfdwhg wr wkh wkhdwhu1
475151 Yhuwlfdo Lqwhjudwlrq
Vhyhudo lqgxvwu| sudfwlwlrqhuv zkr ghvfuleh lqwhjudwlrq ehwzhhq glvwulexwruv dqg h{klelwruv
+Iulhgehuj +4<<5,> Pxusk| +4<<5,> Uhdugrq +4<<5,, fodlp wkdw wkh lqwhjudwhg xqlwv rshudwh
dw dup*v ohqjwk148 Li wklv lv fruuhfw wkhq lq rxu prgho wkh lqwhjudwhg dqg qrq0lqwhjudwhg fdvhv
duh lghqwlfdo1 Lw lv vwloo lqwhuhvwlqj/ krzhyhu/ wr frqvlghu zkdw kdsshqv li wkh wzr xqlwv gr qrw
rshudwh dw dupv ohqjwk1 Wkhuhiruh/ lq wklv vxevhfwlrq zh h{soruh zkdw fkdqjhv li Glvwulexwru
5 rzqv wkh h{klelwru dqg wkh wzr xqlwv rshudwh dv rqh1 Wkh wlplqj lq wkh prgho uhpdlqv
wkh vdph= dw wkh ehjlqqlqj ri hdfk shulrg erwk glvwulexwruv pdnh uhsodfhphqw ghflvlrqv
vlpxowdqhrxvo|/ wkhq sxeolf vljqdov ri wkh qhz prylhv* w|shv duh revhuyhg/ wkhq Glvwulexwru
4 vxeplwv d olvw ri doorfdwlrq elgv wr Glvwulexwru 5/ dqg wkhq Glvwulexwru 5 fkrrvhv zklfk wzr
prylhv wr vkrz lq wkh wkhdwhu1
Lq wkh vwdwlf prgho wkh htxloleulxp doorfdwlrqv duh wkh vdph zkhwkhu Glvwulexwru 5 rzqv
wkh h{klelwru ru qrw= wkh doorfdwlrqv pd{lpl}h h{shfwhg uhyhqxh1 Sursrvlwlrq 4 lv prgl￿hg/
exw rqo| voljkwo|= Glvwulexwru 4*v sd|r￿ grhv qrw fkdqjh/ exw Glvwulexwru 5 jhwv }2
2@2Kc wkh vxp
ri lwv sd|r￿ dqg wkh h{klelwru*v sd|r￿1 Krzhyhu/ lq wkh g|qdplf prgho wkhuh lv d gl￿huhqfh
ehwzhhq wkh wzr fdvhv ehfdxvh zkhq Glvwulexwru 5 rzqv wkh h{klelwru wkh glvwulexwru fdq
wdnh d orqj0uxq ylhz dqg pdnh ghflvlrqv wr pd{lpl}h wkh ydoxh ri wkh mrlqw frqfhuq1 Uhfdoo
wkdw deryh wkh lqghshqghqw h{klelwru irfxvhg rq pd{lpl}lqj fxuuhqw uhyhqxh1
Lq wkh g|qdplf jdph zlwk lqwhjudwlrq Glvwulexwru 5*v sd|r￿ lv dozd|v ghwhuplqhg e| wkh
txdolw| ri lwv rzq prylhv/ dv lq wkh vwdwlf jdph1 Iru dq| lqyhqwrulhv ~4d/4e￿ dqg ~5d/5e￿
Glvwulexwru 5*v h{shfwhg ydoxh lv
‘
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iru hyhu| srvvleoh htxloleulxp doorfdwlrq1 Wklv phdqv wkdw Glvwulexwru 5 dozd|v rewdlqv wkh
ixoo ydoxh ri dq| lpsuryhphqw lq lwv prylhv* txdolwlhv zkhwkhu lwv prylhv duh sodfhg lq wkh
wkhdwhu ru qrw1 Lq wkh qrq0lqwhjudwhg fdvh/ jdlqv pd| eh frpshwhg dzd| wkurxjk elgglqj
48D1 Dodq Iulhgehuj lv wkh Fkdlupdq ri Orhzv Wkhdwuhv/ d vxevlgldu| ri Vrq| Slfwxuhv Hqwhuwdlqphqw1
D1G1 Pxusk| lv d ￿qdqfldo hglwru dqg uhsruwhu iru Gdlo| Ydulhw| dqg Ydulhw|1 G1 Eduu| Uhdugrq lv wkh
suhvlghqw ri Zduqhu Eurwkhuv Glvwulexwlqj Frusrudwlrq dqg d iruphu h{hfxwlyh ri erwk Sdudprxqw Slfwxuhv
dqg Jhqhudo Flqhpd Frusrudwlrq1
48dqg wkh lqghshqghqw h{klelwru pd| hqg xs zlwk wkhp1
Wkh ￿uvw uhvxow lv wkdw wkh glvwulexwruv dyrlg khdg0wr0khdg frpshwlwlrq zlwk klwv pruhvr
wkdq lq wkh qrq0lqwhjudwhg fdvh1 Wdeoh 5 frpsduhv doorfdwlrqv lq wkh qrq0lqwhjudwhg dqg
lqwhjudwhg fdvhv1 Rqo| wkrvh lqyhqwrulhv lq zklfk wkh rqh0shulrg uhyhqxhv gl￿hu lq wkh wzr
fdvhv duh olvwhg1 Wkh ￿uvw froxpq ghvfulehv hdfk glvwulexwru*v lqyhqwru|1 Wkh vhfrqg froxpq
olvwv wkh srvvleoh htxloleulxp doorfdwlrqv1 Wr idflolwdwh frpsdulvrqv wkh doorfdwlrqv lq wkh
qrq0lqwhjudwhg fdvh duh olvwhg xqghuqhdwk wkh doorfdwlrqv lq wkh lqwhjudwhg fdvh1 Wkh wklug
froxpq olvwv wkh ixwxuh vwdwh wkdw lv prvw olnho| wr rffxu jlyhq wkh fxuuhqw vwdwh dqg wkh
htxloleulxp doorfdwlrq1 Iru h{dpsoh/ lq wkh ￿uvw urz Glvwulexwru 4 kdv wzr qhz klwv dqg
Glvwulexwru 5 kdv d qhz klw dqg dq rog klw1 Wkh htxloleulxp doorfdwlrqv lqfoxgh rqh ri
Glvwulexwru 4*v qhz klwv dqg Glvwulexwru 5*v rog klw1 Glvwulexwru 4*v qhz klw wkdw lv khog lq
lqyhqwru| lv d qhz klw qh{w shulrg dqg lwv qhz klw wkdw lv sodfhg lq wkh wkhdwhu lv prvw olnho|
wr eh dq rog klw qh{w shulrg +xqohvv wkh klw vljqdo zdv lqfruuhfw,1 Glvwulexwru 5*v qhz klw
lv d qhz klw qh{w shulrg dqg wkh rog klw pxvw eh uhsodfhg zlwk d qhz prylh/ zklfk lv prvw
olnho| wr eh d  rs jlyhq wkh rggv ri gudzlqj klwv dqg  rsv1 Wkhuhiruh/ wkh prvw olnho| vwdwh
qh{w shulrg lv ~qhz klw/ rog klw￿~qhz klw/ qhz  rs￿1
Wkh wklug froxpq lq Wdeoh 5 surylghv lqwxlwlrq iru zk| pruh ghod| rffxuv lq wkh lqwhjudwhg
fdvh1 Lq doo ri wkh fdvhv h{fhsw wkh irxuwk/ ghod| grhv qrw fkdqjh Glvwulexwru 4*v ixwxuh vwdwh
exw lpsuryhv Glvwulexwru 5*v1 Ehfdxvh Glvwulexwru 5*v ydoxh ghshqgv hqwluho| rq wkh txdolw|
ri lwv rzq prylhv/ doo ri wkh uhwxuqv wr lpsuryhphqwv lq lwv prylhv* txdolwlhv duh fdswxuhg
e| lwvhoi1 Lq wkh qrq0lqwhjudwhg fdvh vrph ri wkhvh uhwxuqv duh vkduhg zlwk wkh lqghshqghqw
h{klelwru1 Lq wkh irxuwk fdvh/ Glvwulexwru 5*v vwdwh grhv qrw lpsuryh e| ghod|lqj/ exw ghod|
lv vwloo sur￿wdeoh ehfdxvh lw frqwlqxhv eh|rqg wkh lqlwldo shulrg= li wkh vwdwh dw wkh ehjlqqlqj
ri wkh qh{w shulrg lv ~qhz klw/ rog  rs￿~qhz klw/ rog klw￿ wkhq lq htxloleulxp rqh qhz klw
lv sdluhg zlwk wkh rog klw 0 wkh uhohdvh ri wkh rwkhu qhz klw lv ghod|hg xqwlo wkh iroorzlqj
shulrg1 Lq wkh qrq0lqwhjudwhg fdvh wkh vwdwh dw wkh ehjlqqlqj ri qh{w shulrg lv prvw olnho|
wr eh ~rog klw/ qhz  rs￿~qhz klw/ rog klw￿/ dqg lq wklv fdvh wkh wzr rog klwv duh sxw lq wkh
wkhdwhu1 Wkxv/ wkh klwv ￿qlvk wkhlu uxqv vrrqhu lq wkh qrq0lqwhjudwhg fdvh1
Wkh vhfrqg uhvxow lv wkdw wkh glvwulexwruv duh pruh zloolqj wr uhsodfh wkhlu prylhv hduo|1
Glvwulexwru 5 uhsodfhv erwk ri lwv prylhv zkhqhyhu lw grhv qrw kdyh d klw1 Wkxv/ Glvwulexwru
495 riwhq uhsodfhv qhz dqg rog  rsv1 Wkh lqwxlwlrq iru zk| pruh uhsodfhphqwv rffxu lv wkdw
lq wkh lqwhjudwhg fdvh Glvwulexwru 5*v sd|r￿ lv dozd|v ghwhuplqhg e| wkh txdolw| ri lwv rzq
prylhv1 Lqwhuhvwlqjo|/ Glvwulexwru 4 dovr pdnhv pruh hduo| uhsodfhphqwv1 Wdeoh 6 olvwv wkh
doorfdwlrqv wkdw ohdg Glvwulexwru 4 wr pdnh hduo| uhsodfhphqwv1 Lq vrph fdvhv Glvwulexwru 4
uhsodfhv qhz  rsv1 Wkh lqwxlwlrq iru zk| wklv rffxuv lv wkdw li d  rs lv rog wkhq lw fdq eh
uhsodfhg iru iuhh diwhu zdlwlqj d vlqjoh shulrg/ zkhuhdv lq rughu wr uhsodfh d qhz  rs iru iuhh
wkh glvwulexwru pxvw zdlw wzr shulrgv1 Wkhuhiruh/ wkh glvwulexwru pd| eh pruh zloolqj wr
ehdu wkh uhsodfhphqw frvw wr uhsodfh d qhz prylh wkdq dq rog rqh1 Wkh ehqh￿w ri pdnlqj
dq hduo| uhsodfhphqw lv wkdw wkh glvwulexwru kdv d fkdqfh wr rewdlq d qhz klw1
Lq vxp/ wkh prgho suhglfwv wzr h￿hfwv ri yhuwlfdo lqwhjudwlrq1 Iluvw/ ghod|hg uhohdvhv
rffxu pruh riwhq1 Vhfrqg/ prylh wxuqryhu lv kljkhu1 Wkh vhfrqg uhvxow lpsolhv wkdw zkhq
glvwulexwruv rzq wkhdwhuv/ pruh prylhv duh pdgh/ exw wkh  rsv vwd| lq lqyhqwru| iru vkruwhu
shulrgv ri wlph1 Zkhwkhu wkhvh h￿hfwv fdq eh revhuyhg lq uhdolw| lv dq lqwhuhvwlqj hpslulfdo
txhvwlrq wkdw lv eh|rqg wkh vfrsh ri wklv sdshu1 Zh qrwh wkdw lq wkh 4<73v dqg 4<83v/ zkhq
wkh odujh vwxglrv zhuh irufhg wr vhoo wkhlu wkhdwhuv wr frpso| zlwk wkh Sdudprxqw ghfuhhv/
prylh surgxfwlrq ihoo +Gh Ydq| dqg Hfnhuw/ 4<<4,1 Wklv lv frqvlvwhqw zlwk wkh prgho*v suh0
glfwlrq wkdw pruh prylhv duh pdgh zkhq glvwulexwruv dqg h{klelwruv duh lqwhjudwhg1 Krzhyhu/
wklv lv qrw d frqfoxvlyh whvw ehfdxvh rwkhu idfwruv dovr frqwulexwhg wr wkh ghfolqh lq prylh
surgxfwlrq diwhu wkh Sdudprxqw ghfuhhv1 Iru h{dpsoh/ whohylvlrq ehjdq wr gl￿xvh dqg dv d
uhvxow ghpdqg iru E prylhv ihoo1
Wkh zhoiduh frqvhtxhqfhv ri lqwhjudwlrq duh qrw fohdu1 Lq jhqhudo/ ghod|lqj frqvxpswlrq
orzhuv xwlolw| ehfdxvh ixwxuh sd|r￿v duh glvfrxqwhg/ exw lq wkh fdvh ri prylhv frqvxphuv
pljkw suhihu vwdjjhuhg uhohdvh gdwhv ehfdxvh prylhv duh wlph0lqwhqvlyh wr zdwfk 0 zdwfklqj
rqh klw prylh shu zhhn ryhu vhyhudo zhhnv pd| eh suhihuuhg wr zdwfklqj vhyhudo klwv lq d
vlqjoh zhhn dqg wkhq vhhlqj qr klwv iru vhyhudo zhhnv1 Li vr/ wkhq wrwdo dwwhqgdqfh lv lqfuhdvhg
e| vwdjjhulqj wkh uhohdvhv ri klwv1 Lq rxu sdudphwhul}dwlrq ri wkh prgho zh kdyh dvvxphg
wkdw wklv lv wkh fdvh 0 klwv hduq kljkhu uhyhqxhv li wkh| duh qrw sodfhg lq wkh wkhdwhu dw wkh
vdph wlph dv rwkhu klwv1
4:61 Frqfoxvlrq
Wklv sdshu lqwurgxfhv d g|qdplf htxloleulxp prgho lq d frpprq djhqf| iudphzrun dqg xvhv
wkh prgho wr h{sodlq sudfwlfhv wkdw prylh glvwulexwruv xvh wr dyrlg khdg0wr0khdg frpshwlwlrq1
H{klelwlrq frqwudfw whupv lqwhudfw zlwk rwkhu vwudwhjlf fkrlfhv/ wkh pdlq rqh ehlqj wkh
ghflvlrq wr ghod| wkh uhohdvh ri qhz klwv1 Lq wkh prgho vhyhudo w|shv ri ghod| vwudwhjlhv duh
hpsor|hg= Glvwulexwruv dyrlg uhohdvlqj wzr qhz klwv dw rqfh dqg ohw wkhlu rog klwv sod| rxw
ehiruh uhohdvlqj wkhlu qhz rqhv1 Wkh| dovr dyrlg uhohdvlqj qhz klwv zkhq wkhlu frpshwlwruv duh
uhohdvlqj qhz klwv dqg ohw wkhlu frpshwlwruv* rog klwv sod| rxw1 Glvwulexwruv duh pruh surqh
wr dyrlg khdg0wr0khdg frpshwlwlrq zkhq wkh wkhdwhu lv rzqhg e| rqh ri wkh glvwulexwruv/
dqg lqyhqwru| wxuqryhu lv kljkhu lq wklv fdvh1 Rwkhu w|shv ri frpshwlwlrq frxog eh h{soruhg
lq ixwxuh zrun1 Zh kdyh qrw h{soruhg wkh frqvhtxhqfhv ri eorfn errnlqj/ qru kdyh zh
frqvlghuhg frpshwlwlrq dw wkh vwdjh ri vhwwlqj xs surgxfwlrq vfkhgxohv1
Zh kdyh irfxvhg rq yhuwlfdo uhodwlrqvklsv lq wkh prylh exvlqhvv/ exw ixwxuh zrun pljkw
h{dplqh krz vwudwhjlhv iru dyrlglqj khdg0wr0khdg frpshwlwlrq gl￿hu dfurvv lqgxvwulhv wkdw
kdyh gl￿huhqw ghpdqg frqglwlrqv1 Wkh lqwhudfwlrqv ehwzhhq frqwudfw fkrlfh dqg rswlpdo
surgxfw lqwurgxfwlrq dqg sodfhphqw vwudwhjlhv frxog eh vwxglhg lq ixuwkhu ghwdlo1 Dovr/ wkh
g|qdplf prgho ghyhorshg khuh pljkw eh dssolhg wr dqdo|}h qrq0uhwdlo hqylurqphqwv lq zklfk
pxowlsoh ghflvlrq pdnhuv dwwhpsw wr lq xhqfh d wklug sduw|1
Uhihuhqfhv
^4‘ Djklrq/ Sklolssh/ dqg Sdwulfn Erowrq ￿Frqwudfwv dv d Eduulhu wr Hqwu|￿ Dphulfdq
Hfrqrplf Uhylhz y:: qr1 6 +Mxqh/ 4<;:,= 6;;07341
^5‘ Ehuqkhlp/ E1G1 dqg P1G1 Zklqvwrq ￿Frpprq Djhqf|￿ Hfrqrphwulfd 87 +4<;9,= <560
751
^6‘ Ehuqkhlp/ E1G1 dqg P1G1 Zklqvwrq ￿Frpprq Pdunhwlqj Djhqf| dv d Ghylfh iru Id0
flolwdwlqj Frooxvlrq￿ Wkh UDQG Mrxuqdo ri Hfrqrplfv y49 +4<;8,= 59<0;41
^7‘ Ehuqkhlp/ E1G1 dqg P1G1 Zklqvwrq ￿H{foxvlyh Ghdolqj￿ Mrxuqdo ri Srolwlfdo Hfrqrp|
y439 qr14 +Iheuxdu| 4<<;,= 9704361
4;^8‘ Erufkhuglqj/ Wkrpdv H1/ dqg Gduuhq Ilovrq1 ￿Frq lfwv ri Lqwhuhvw lq wkh Kroo|zrrg
Ilop Lqgxvwu|= Frplqj wr Dphulfd 0 Wdohv iurp wkh Fdvwlqj Frxfk/ Jurvv dqg Qhw/ lq
d Ulvn| Exvlqhvv￿ lq Gdylv/ Plfkdho/ dqg Dqguhz Vwdun/ hgv1 Frq lfw ri Lqwhuhvw lq wkh
Surihvvlrqv +Qhz \run= R{irug Xqlyhuvlw| Suhvv/ 5334,1
^9‘ Fklvkrop/ Gduohqh F1 ￿Wkh Zdu ri Dwwulwlrq dqg Rswlpdo Wlplqj ri Prwlrq0Slfwxuh
Uhohdvhv￿ Ohkljk Xqlyhuvlw| zrunlqj sdshu/ 4<<<1
^:‘ Gh Ydq|/ Duwkxu V1/ dqg Urvv G1 Hfnhuw1 ￿Prwlrq Slfwxuh Dqwlwuxvw= Wkh Sdudprxqw
Fdvhv Uhylvlwhg￿ Uhvhdufk lq Odz dqg Hfrqrplfv 47 +4<<4,= 8404451
^;‘ Gh Ydq|/ Duwkxu V1/ dqg Gdylg Z1 Zdoov1 ￿Ervh0Hlqvwhlq G|qdplfv dqg Dgdswlyh Frq0
wudfwlqj lq wkh Prwlrq Slfwxuh Lqgxvwu|￿ Wkh Hfrqrplf Mrxuqdo +4<<9,= 47<6048471
^<‘ Gh Ydq|/ Duwkxu V1/ dqg Gdylg Z1 Zdoov ￿Xqfhuwdlqw| lq wkh Prylhv= Grhv Vwdu Srzhu
Uhgxfh wkh Whuuru ri wkh Er{ R!fhB￿ Mrxuqdo ri Fxowxudo Hfrqrplfv +Qry1 4<<<,=
5;8064;1
^43‘ Gr|oh/ Pdxud S1/ dqg Fkulvwrskhu P1 Vq|ghu ￿Lqirupdwlrq Vkdulqj dqg Frpshwlwlrq lq
wkh Prwru Yhklfoh Lqgxvwu|￿ Mrxuqdo ri Srolwlfdo Hfrqrp| y43: qr19 +Ghfhpehu 4<<<,=
4659046971
^44‘ Ilovrq/ Gduuhq/ dqg Ihuqdqgr Ideuh/ Doiuhgr Qdyd/ dqg Sdrod Urguljxh}1 ￿Dw wkh
Prylhv= Ulvn Vkdulqj dqg wkh Hfrqrplfv ri H{klelwlrq Frqwudfwv￿ Foduhprqw Judg0
xdwh Xqlyhuvlw| zrunlqj sdshu/ 53331
^45‘ Iulhgehuj/ D1 Dodq1 ￿Wkh Wkhdwulfdo H{klelwru￿ lq Vtxluh/ Mdvrq H1/ hg1 Wkh Prylh
Exvlqhvv Errn/ 5qg hg1 +Qhz \run= Iluhvlgh1 4<<5,1
^46‘ Jrogpdq/ Zlooldp1 Dgyhqwxuhv lq wkh Vfuhhq Wudgh= D Shuvrqdo Ylhz ri Kroo|zrrg dqg
Vfuhhqzulwlqj1 +Qhz \run= Zduqhu Errnv/ 4<;<,1
^47‘ Kdqvvhq/ I1 Dqguhz1 ￿Wkh Eorfn0Errnlqj ri Ilopv Uhh{dplqhg￿ Mrxuqdo ri Odz dqg
Hfrqrplfv +Rfwrehu 5333,= 6<807591
4<^48‘ Ndkq/ Fkduohv P1 dqg Glols Prrnkhumhh ￿Frpshwlwlrq dqg Lqfhqwlyhv zlwk Qrqh{foxvlyh
Frqwudfwv￿ Wkh UDQG Mrxuqdo ri Hfrqrplfv y5< qr16 +Dxwxpq 4<<;,= 77607981
^49‘ Nhqq|/ Ur| Z1/ dqg Ehqmdplq Nohlq1 ￿Wkh Hfrqrplfv ri Eorfn Errnlqj￿ Mrxuqdo ri
Odz dqg Hfrqrplfv +Rfwrehu 4<;6,= 7<:08731
^4:‘ Pdqv￿hog/ Hgzlq1 Dssolhg Plfurhfrqrplfv +5qg hg1 Qhz \run= Z1Z1 Qruwrq/ 4<<:,1
^4;‘ Pduwlpruw/ Gdylg ￿H{foxvlyh Ghdolqj/ Frpprq Djhqf|/ dqg Pxowlsulqflsdov Lqfhqwlyh
Wkhru|￿ Wkh UDQG Mrxuqdo ri Hfrqrplfv y5: +4<<9,= 40641
^4<‘ Pxusk|/ D1G1 ￿Glvwulexwlrq dqg H{klelwlrq= Dq Ryhuylhz￿ lq Vtxluh/ Mdvrq H1/ hg1 Wkh
Prylh Exvlqhvv Errn/ 5qg hg1 +Qhz \run= Iluhvlgh1 4<<5,1
^53‘ R*Eulhq/ Gdqlho S1/ dqg Juhj Vkd￿hu1 ￿Qrqolqhdu Vxsso| Frqwudfwv/ H{foxvlyh Ghdolqj/
dqg Htxloleulxp Pdunhw Iruhforvxuh￿ Mrxuqdo ri Hfrqrplfv ) Pdqdjhphqw Vwudwhj| y9
qr1 7 +Zlqwhu 4<<:,= :880:;91
^54‘ Uhdugrq/ G1 Eduu|1 ￿Wkh Vwxglr Glvwulexwru￿ lq Vtxluh/ Mdvrq H1/ hg1 Wkh Prylh Exvl0
qhvv Errn/ 5qg hg1 +Qhz \run= Iluhvlgh1 4<<5,1
^55‘ Vdzkqh|/ Prkdqelu V1/ dqg Mhkrvkxd Holdvkehuj1 ￿D Sduvlprqlrxv Prgho iru Iruh0
fdvwlqj Jurvv Er{0R!fh Uhyhqxhv ri Prwlrq Slfwxuhv￿ Pdunhwlqj Vflhqfh 48 +4<<9,=
44604641
^56‘ Vwrnh|/ Qdqf| O/ dqg Urehuw H1 Oxfdv/ Mu1/ zlwk Hgzdug F1 Suhvfrww1 Uhfxuvlyh Phwkrgv
lq Hfrqrplf G|qdplfv +Fdpeulgjh= Kduydug Xqlyhuvlw| Suhvv/ 4<;<,1
^57‘ Yrjho/ K1O1 Hqwhuwdlqphqw Lqgxvwu| Hfrqrplfv= D Jxlgh iru Ilqdqfldo Dqdo|vlv +7wk
hg1 Qhz \run= Fdpeulgjh Xqlyhuvlw| Suhvv/ 4<<;,1
53Dsshqgl{
Surri ri Sursrvlwlrq 4= Qrwh wkdw li ~l/m￿ lv dq htxloleulxp doorfdwlrq wkh h{klelwru pxvw















Ehfdxvh wkh glvwulexwruv duh rswlpl}lqj/ erwk pxvw suhihu wkhlu sd|r￿ iurp ~l/m￿ wr wkhlu





































Glvwulexwru 5*v jrdo lv wr plqlpl}h K2
￿￿ vxemhfw wr wkh frqvwudlqw wkdw wkh doorfdwlrq lv ~l/m￿1
Wkxv/ h{suhvvlrq +619, lpsrvhv d orzhu erxqg rq K2
￿￿￿ Jlyhq rxu irfxv rq htxloleuld wkdw duh
Sduhwr0xqgrplqdwhg iru wkh glvwulexwruv/ zh vxssrvh h{suhvvlrq +619, elqgv dqg wkdw wkh




































Doo wkdw uhpdlqv lv wr ￿qg elgv rq wkh rwkhu doorfdwlrqv wkdw hqvxuh wkdw hdfk sod|hu lv



















E| frqvwuxfwlrq wkhvh elgv hqvxuh wkdw hdfk glvwulexwru uhfhlyhv wkh vdph sd|r￿ iurp ~l/m￿
dv ~n/o￿1 Wkxv/ erwk glvwulexwruv duh ehvw0uhvsrqglqj 0 qhlwkhu kdv dq lqfhqwlyh wr udlvh lwv










Wkhuhiruh/ dq htxloleulxp h{lvwv wkdw pd{lpl}hv wrwdo uhyhqxh/ dqg wkh glvwulexwru sd|r￿v lq
h{suhvvlrq +61<, hvwdeolvk wkdw wklv htxloleulxp Sduhwr grplqdwhv doo rwkhuv iurp wkh srlqw
ri ylhz ri wkh glvwulexwruv1
Surri ri Sursrvlwlrq 5= Vxssrvh wkdw ~l/m￿ lv dq htxloleulxp doorfdwlrq zkhq doorfdwlrq
elgv duh xvhg1 Vxssrvh wkdw lqvwhdg ri xvlqj doorfdwlrq elgv hdfk glvwulexwru vlpso| fkdujhv
wkh h{klelwru d ￿{hg ihh dqg wkhq doorzv wkh h{klelwru wr fkrrvh wkh doorfdwlrq ri prylhv wr
















55Li wkh h{klelwru sd|v s￿ n s2 dqg wkhq fkrrvhv wkh wzr prylhv wkdw pd{lpl}h lwv uhyhqxh/
wkhq e| frqvwuxfwlrq hdfk glvwulexwru uhfhlyhv wkh vdph sd|r￿ dv lq wkh doorfdwlrq elgglqj














zklfk lv wkh vdph dv zlwk doorfdwlrq elgv1
Wr vhh zk| s￿ dqg s2 duh htxloleulxp ￿{hg ihhv/ wdnh s2 dv jlyhq dqg vxssrvh wkdw
Glvwulexwru 4 wulhv wr udlvh s￿￿ Wkh h{klelwru zrxog ehvw uhvsrqg e| fkrrvlqj wkh doorfdwlrq
~5d/5e￿/ iru zklfk lw zrxog uhfhlyh wkh sd|r￿
}
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Wkxv/ Glvwulexwru 4 fdqqrw pdnh lwvhoi ehwwhu r￿ e| udlvlqj s￿￿ D vlplodu dujxphqw vkrzv
wkdw Glvwulexwru 5 fdqqrw pdnh lwvhoi ehwwhu r￿ e| udlvlqj s21
56Iljxuh 41 Wkh Uhsodfhphqw Vwdjh ri wkh Jdph
Glvw1 5





































57Table 1. The allocation of movies to screens with two distributors and an independent 
exhibitor in a dynamic setting (inventories in which Distributor 1 has a new hit) 
Dist. 1’s 
Inventory {1a, 1b} 
Dist. 2’s 
Inventory {2a, 2b} 






           
{new hit, new hit}  {new hit, new hit}  {1a 1b} {2a 2b}  -  13.47  13.47  3.18 
  {new hit, old hit}  {1a 2a} {2a 1b}  -  13.75  11.55  2.99 
  {new hit, new flop}  {1a 2a} {2a 1b}  -  14.49  11.66  2.25 
  {new hit, old flop}   {1a 2a} {2a 1b}  -  14.46  11.55  2.28 
  {old hit, old hit}   {2a 2b}  Delay  14.97  9.61  3.08 
  {old hit, new flop}   {1a 2a} {2a 1b}  Delay  15.47  8.91  2.64 
  {old hit, old flop}  {1a 2a} {2a 1b}  Delay  15.63  9.01  2.42 
  {new flop, new flop}  {1a 2a} {1a 2b} 
{2a 1b} {1b 2b} 
Delay 17.19  8.67  1.05 
  {new flop, old flop}  {1a 2a} {2a 1b}  Delay  17.24  8.69  0.87 
  {old flop, old flop}  {1a 2a} {1a 2b} 
{2a 1b} {1b 2b} 
Delay 17.12  8.30  0.93 
           
{new hit, old hit}  {new hit, new hit}  {1a 2a} {1a 2b}  -  11.55  13.75  2.99 
  {new hit, old hit}  {1a 1b} {1a 2b} 
{2a 1b} {2a 2b} 
Delay  11.52 11.52 3.18 
  {new hit, new flop}  {2a 1b}  Delay  12.17  11.44  2.55 
  {new hit, old flop}   {1a 1b} {2a 1b}  Delay  12.23  11.52  2.47 
  {old hit, new flop}   {2a 1b}  Delay  13.56  9.11  2.58 
  {new flop, new flop}  {2a 1b} {1b 2b}  Delay  14.61  8.42  1.60 
  {new flop, old flop}  {2a 1b}  Delay  14.95  8.50  1.19 
           
{new hit, new flop}  {new hit, new hit}  {1a 2a} {1a 2b}  -  11.66  14.49  2.25 
  {new hit, old hit}  {1a 2b}  Delay  11.44  12.17  2.55 
  {new hit, new flop}  {1a 2b} {2a 1b}  Delay  11.84  11.84  2.08 
  {new hit, old flop}   {2a 1b}  Delay  11.81  11.83  2.18 
  {old hit, old hit}   {2a 2b}  Delay  12.45  9.71  3.01 
  {old hit, new flop}   {2a 2b}  Delay  12.84  9.00  2.69 
  {old hit, old flop}  {1a 2a}  No  13.03  9.02  2.43 
  {new flop, new flop}  {1a 2a} {1a 2b}  No  14.29  8.62  1.38 
  {new flop, old flop}  {1a 2a}  No  14.63  8.80  0.91 
  {old flop, old flop}  {1a 1b}  No  15.09  8.88  0.37 
           
{new hit, old flop}  {new hit, new hit}  {1a 2a} {1a 2b}  -  11.55  14.46  2.28 
  {new hit, old hit}  {1a 2b} {2a 2b}  Delay  11.52  12.23  2.47 
  {new hit, new flop}  {1a 2b}  Delay  11.83  11.81  2.18 
  {new hit, old flop}   {1a 2a}  No  11.83  11.83  2.17 
  {old hit, new flop}   {2a 2b}  Delay  12.96  9.22  2.47 
  {new flop, new flop}  {1a 2a} {1a 2b}  No  14.37  8.88  1.14 
  {new flop, old flop}  {1a 2a}  No  14.76  9.03  0.67 Table 2. Comparison of the non-integrated allocations to the case in which Distributor 2 owns 
the exhibitor (inventories in which the one-period revenues differ in the two cases) 
Strategies 




The state that is most likely to occur at 
the beginning of next period 
    
{new hit, new hit} {new hit, old hit}  {1a, 2b} {1b, 2b}  {new hit, old hit} {new hit, new flop} 
  {1a, 2a} {2a, 1b}  {new hit, old hit} {old hit, new flop} 
    
{new hit, old hit} {new hit, new hit}  {1a, 1b}  {old hit, new flop} {new hit, new hit} 
  {1a, 2a} {1a, 2b}  {old hit, new flop} {new hit, old hit} 
    
{new hit, new hit} {new hit, new flop}  {1a, 2b} {1b, 2b}  {new hit, old hit} {new hit, old flop} 
  {1a, 2a} {2a, 1b}  {new hit, old hit} {old hit, new flop} 
    
{new hit, new flop} {new hit, new hit}  {2a, 1b} {1b, 2b}  {new hit, old flop} {new hit, old hit} 
  {1a, 2a} {1a, 2b}  {old hit, new flop} {new hit, old hit} 
    
{new hit, old flop} {new hit, old flop}  {1a, 1b} {1a, 2b}  {old hit, new flop} {new hit, new flop} 
  {1a, 2a}  {old hit, new flop} {old hit, new flop} 
    
{old hit, old flop} {new hit, new flop}  {1a, 2b}  {new flop, new flop} {new hit, old flop} 























 Table 3. Distributor 1’s early replacements in the integrated case 
Inventories: {1a,1b} {2a,2b}  Movies Replaced 
  
{new flop, new flop} {new flop, new flop}  1a or 1b 
{new flop, new flop} {new flop, old flop}  1a or 1b 
{new flop, new flop} {old flop, old flop}  1a or 1b 
{old flop, old flop} {new hit, new hit}  1a or 1b 
 